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1 Introduction

The notion of a fuzzy set was introduced by Zadeh [13] in 1965, utilizing
which Rosenfeld [11] has defined fuzzy subgroups. In 1975, Zadeh [16]
investigated the notion of interval valued fuzzy subsets (in short i-v fuzzy
subsets) where the values of the membership functions are closed intervals
of numbers instead of single numbers. Liu introduced the concept of a
fuzzy ideal of a near-ring in [8]. The concepts of prime fuzzy ideals,
primary fuzzy ideals for ring were introduced in [9]. In 1991, Abou-Zaid
[1] also exposed some results in fuzzy subnear-rings and fuzzy ideals in
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near-rings. Jun and Kim [4] and Davvaz [5] applied a few concepts of
interval valued fuzzy subsets in near-rings. Sheikabdullah and Jeyaraman
has discussed anti-homomorphic images and pre-images of prime fuzzy
ideals and anti-homomorphic image of primary fuzzy ideals in a ring in
[13].

The aim of this paper is to define and study i-v fuzzy primary ideals of a
near ring N and investigate anti-homomorphic images and pre-images of
semi-prime, strongly primary i-v fuzzy ideals.

2 Preliminaries

Definition 2.1. [15] A non-empty set N with two binary operations + and . is called
a near-ring if:

i. (N,+) is a group

ii. (N,.) is a semigroup

iii. v.(y + z) =x.y+x.2 for all z,y,z € N.

We will use the word Near-ring to mean left near-ring.

Definition 2.2. [15] Let X be a non-empty universal set. A fuzzy subset p of X is
a function p: X — [0, 1].

Example 2.3. Let N = {a,b,c,d} be the Klein’s four group. Define addition and
multiplication in N as follows.

+la|blc|d “lalb|c|d
alalblc|d alalalala
blbla|d]|c bla|lalala

cld|bla clalalala
d|ld|cla|b diala|bl|b

Here (N,+,.) is a left near-ring. Define an interval valued fuzzy subset ;n : N —
DJ0,1] by

fi(a) = [0.7,0.8], @(b) =[0.5,0.6], @(c) = [0.3,0.4] = f(d).

It can be verified that [i is an i-v fuzzy ideal of N.

Definition 2.4. [15] An interval number @ on [0,1] is a closed subinterval of [0,1],
that is, @ = [a~,a™] such that 0 < a= < at < 1 where a~ and a™ are the lower
and upper end limits of a respectively. The set of all closed subintervals of [0,1] is
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denoted by D[0,1]. We also identify the interval |a,a] by the number a € [0,1]. For
any interval numbers a; = [a; ,a;’],b; = [b;,b] € D[0,1],i € I, we define
maz*{a;, b;} = [max*{a;,b; }, max*{a;, b},

min'{a;, b;} = [mini{a; ,b; },min*{a;, b] }],

infia; = [ﬂ a; ) aj],supiﬁi = [U a;, U aﬂ
el el €1 gl
In this notation 0 = [0,0] and 1 = [1,1]. For any interval numbers @ =
[a=,a™] and b= [b—,b*] on [0, 1], define

Definition 2.5. [15] Let X be any set. A mapping A : X — DJ[0,1] is called an
interval-valued fuzzy subset (briefly, i-v fuzzy subset) of X where D|0, 1] denotes the
family of all closed subintervals of [0,1] and A(x) = [A~(x), A*(z)] for all z € X,
where A~ and AT are fuzzy subsets of X such that A= (x) < AT (x) for allx € X.

Note that A(z) is an interval (a closed subset of [0,1]) and not a number
from the interval [0,1] as in the case of fuzzy subset.

Definition 2.6. [15] A mapping min' : D[0, 1] x D[0,1] — DI0,1] defined by
min'(a,b) = [min{a=,b~}, min{a™,b*}] for all a,b € D|0,1] is called an interval
MIN-NoTm.

Definition 2.7. [15] A mapping maz' : D[0,1] x D[0,1] — D[0,1] defined by
maz'(a,b) = [mazx{a=,b"}, mazx{a™,b"}] for all@ b e D[0,1] is called an interval
maz-norm.

Definition 2.8. [15] Let N be a near-ring. An i-v fuzzy set @ of N is called an i-v
fuzzy subnear-ring of N if for all x,y € N,

(i) iz — y) = min'{f(z), 7(y)},

(ir) pxy) = min'{7(z), 7(y)}.

Definition 2.9. [15] An i-v fuzzy subset m of a Near-ring N is called an i-v fuzzy
ideal of N if @ is an i-v fuzzy sub near-ring of N and

(i) i(x) = fily + = — y)

(i) fi(zy) > 7ly)

(111) p((x + i)y — xy) > (i) forany z,y,i € N
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Proposition 2.10. [15] The anti-homomorphic image of an i-v fuzzy ideal of N is
an i-v fuzzy ideal of N'.

Proposition 2.11. [15] The homomorphic pre-image of an i-v fuzzy ideal of N’ is
an i-v fuzzy ideal of N.

3 Main Results

Definition 3.1. An i-v fuzzy ideal [ of a near-ring N is called an i-v prime fuzzy
ideal if for any two i-v fuzzy ideals & and 6 of N the condition a0 C 1 implies that
o Cuord Ch.

Definition 3.2. For an i-v fuzzy ideal 11 of a near-ring, the i-v fuzzy radical of I,
denoted by \/Ti, is defined by /i = N{T : T is an i-v fuzzy prime ideal of N, & C
, 0« C i} We denote i, ={xz € N : i(z) = u(0)}

Definition 3.3. An i-v fuzzy ideal [i of a near-ring N is known as i-v fuzzy primary
ideal if 30 C i, then either @ C 1 or 6 C /L.

Definition 3.4. An i-v fuzzy ideal @t if a near-ring N is called i-v strongly primary
fuzzy ideal of a near-ring N if @ is an i-v primary fuzzy ideal and (\/{)* C @ for
somen € N.

Definition 3.5. An i-v fuzzy ideal i of a near-ring N is called i-v semi-prime if for
any i-v fuzzy ideal & of N, o> C T, then & C .

Definition 3.6. Let X and Y be two non-empty sets, f : X — Y, @ and & be an
i-v fuzzy subsets of X and Y respectively then f(fi), the image of v under f is an i-v
fuzzy subset of Y denoted by

) = {sup’(:c) @)=y i f My # e

0 iff~y) = ¢

And f ~1(7), the pre-image of T under f is an i-v fuzzy subset of X defined by
f o) () =a(f(x) Vo eX.

Definition 3.7. If X is an i-v fuzzy subset of N, then X is said to have the sup property
if for every subsetY of N, there exists yo € Y such that A(yo) = {\(y)|y € Y}
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Definition 3.8. Let I be a non-empty i-v fuzzy subset of N. Define a function C;

N — D[0,1] by
Ooe) = {1 ifrel,

0 otherwise

for allz € N. Clearly C; is an i-v Juzzy subset of N. C is called the i-v characteristic
function of 1. If the replace I by N, Cn is the i-v characteristic function of N.

Definition 3.9. Let N and N’ be two near-rings, a mapping f : N — N’ is called

an i-v fuzzy homomorphism if f(i+7) = f(i)+ f(7) and f(n o) = f(n)f(T) where
7 and & are i-v fuzzy ideals of N.

Definition 3.10. Let N and N’ be two near-rings, a mapping f : N — N’ is called

an i-v fuzzy anti-homomorphism if f(u+7) = f(i) + f(@) and f(p o) = f(@) f(1)
where [t and @ are i-v fuzzy ideals of N.

Definition 3.11. Let f : N — N'. An i-v fuzzy subset @i of a near-ring is called f -
invariant if

f(zx) = f(y) implies fi(z) = A(y), z,y € N.

Definition 3.12. N is called a fuzzy multiplication near-ring if for any two i-v fuzzy
ideals § and h of N such that § C h, there exists a fuzzy ideal f of N such that

g=nhof.

Theorem 3.13. If h is a prime i-v fuzzy ideal of a fuzzy multiplication near m'ng N
and g is any i-v fuzzy 1deal ofN such that h C G, then h = hog and h =G “ or
h=nhog¥, whereg® =n{g ‘i € N\{0}}.

Proof. Since h C g and N is an i-v fuzzy multiplication near-ring, there exists an
v fuzzy ideal k of N such that h = go k. Then since h is prime, h__ k. Now
h = gok; C k. Thus h = k and hence h = G o h. It now follows that h = § “ or
h=ho

Theorem 3.14. If \/7 is an i-v prime fuzzy ideal, then f is an i-v primary.

Proof. Let g = \/= If g = Cy, then clearly f is an i-v primary. Assume g # Cy.
Suppose that f is not i-v primary. Then there exist i-v fuzzy points T, J, such that
xrothf 7, Cg butz, ¢ fandy fooralln>0 Let k = ngo(xroCN)
Clearly, k is an i-v fuzzy ideal of N. Suppose T, C k. Then since z, € f, x, C
go (T,0Cy). Thus (g0 (z70 Cn))(x) > 7,0t V{g(aT A (2,0 Cn)(b)|z =ab} >r. ~

IJRITCC | July 2021, Available @ http://www.ijritcc.org



International Journal on Recent and Innovation Trends in Computing and Communication

ISSN: 2321-8169 Volume: 9 Issue: 7

DOI: https://doi.org/10.17762/ijritcc.v9i7.5479

Article Received: 30 June 2021 Revised: 08 July 2021 Accepted: 15 July 2021 Publication: 31 July 2021

Since f has the sup property, g also possesses the sup property. Hence there exists
z € S such that g(z) > 7 and x = zxs = xzs. Thus f(2") > 7, for some n > 0. Now
r = x2"s" and since f is an i-v fuzzy ideal, f( ) = f(zz"s") > f(2") > 7, ieT, C f,
a Contradlctlon Hence T, k. Now, kU, o C'y C g. Thus there exists an i-v fuzzy
ideal h of N such that kUZ,0oCy = gGoh. Again since y, £ g, g C gU7,0Cy. Then
by Theorem 3.13 § = go (gU7,0Cy). Now kUZ,0Cy = Goh = gO(gUytOON) h =
Goho(guy Y, 0 Cy) (since N is commutative) = (kUZ,oCy)o(guUT,0Cy) C k.
Hence 7, C k, a contradiction. Therefore, f is an i-v primary.

Corollary 3.15. Let f be an i-v prime. Then for all positive integers n, f™is an
i-v primary and its i-v fuzzy radical is f.

Proof. We first prove that v/ f » = f for all n > 0. If n = 1, the result is obvious. Let
n > 1. Then 4/ f »(z) = V{f "(2™)|m > 0} > f "(2") > f(z) for all x € N. Since f

is an i-v prime, f(z) =/ f(z) = V{f(@™)|m > 0} > {f "(a™)|m > 0} =/ f "(2)
for all z € N. Hence \/f ® = f. The desired result follows from Theorem 3.14

Theorem 3.16. Let ? be an i-v prime fuzzy ideal and ?n #* ?nﬂ for alln > 0. Then
1 is an i-v prime fuzzy ideal.

Proof. Let x;,7,, an i-v fuzzy points such that z; & f* and YUm € 7. We show that
Elogjm Z fw Ifx, & f gjmJ@_f, then since f is anivprime x10y,, £ f and so
x10Y,, & 1. Suppose 21 C f,y,, € f. Since x; € e there exists a positive integer
psuch that 7, C .7 z 7 ™! Since by Corollary 3.15 f s an i-v primary fuzzy

ideal with ¢-v fuzzy radical f x10Y,, f " and so 2109, € ?w. The case when
7 € f,7,, C f is similar.
Finally, let z;,y,, C f Then there exist p081t1ve 1ntegers q,r such that z; C f x <

fqlandyme ym,@f Thena:lOC’NCf ymOC’NCf Since N is an
1-v fuzzy multlphcatlon near ring, there exist i-v fuzzy ideals g, h of N such that

noCy = f057,0Cx = [ ohhg ¢ f Now if 7 oF, C F77, then
qu ohog=(f"o g)(?T oh) =T 0%y, o0 Cy C j'“qu e Sincg?qJranrl is an i-v
primary fuzzy ideal with i-v fuzzy radical f and hog & f (smce f is an ¢-v prime),
qu C f atrel Also fQ+T ) f T Thus ?qw f atrd
10y, L qu ,le,xoy,, & fw. Thus ?w is an ¢-v prime fuzzy ideal.

, a contradiction. Hence

Theorem 3.17. If f is an i-v primary fuzzy ideal, then f = g* for some positive
integer n, where g'= \/_f
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Proof. If g = C'y, then f = Cy. Assume g # Cy. Suppose f C g*. Now § is an i-v
prime fuzzy ideal of N having the sup property. If g* # g**! for all n > 0, then by
Theorem 3.16, g* is an i-v prime. Thus g = \/7 C v/g” = g*, a contradiction. Thus
either f C g° — ol for some n >0, or f Cg", but g Z g" gt for some n > 0. In the
first case, let T, C g". Then T, o C'y C §". Also, there exists an i-v fuzzy ideal h of
N such that Z,0Cy = g"oh. Thus 7, C T, 0Cy = §"oh = g”“oh =go(Z,oCy).
Then as in Theorem 3.14, it can be shown that Z, C f. Hence f =

In second case, there exists an i-v fuzzy ideal k of N such that 7 = §" ok,k Z 7.
Since f is an i-v primary and k  §,§" € f. Hence f = g".

Let £, be two i-v fuzzy ideals of N. Define the fuzzy subset f:g of N as follows:
f:9=U{h|h is an i-v fuzzy ideal of N such that hog C f}.

It follows easily that f : g is an i-v fuzzy ideal of N.

Theorem 3.18. If f is a proper prime i-v fuzzy ideal and G is an i-v fuzzy ideal of
N such that g C fandg ¢ an for some n > 0, then f =7 : (y, o Cn), where
u L/

Proof. Since g C ", there exists an i-v fuzzy ideal h of N such that g = noh, hd f.
Let 3, C h, 5.2 J. Then G0 Cr C hand "0 (5,0 Cx) € f ok~ 3

Thus f C g : (y,oCn). 1 Now let k be any i-v fuzzy ideal of IV such that ko(ytoCN)

g. Then ko (y,)oCn C 1. Now since by Corollary 3.15, f" is i-v prlmary with fuzzy
radical f and y, o Oy € f,k C f Therefore, g : (y, o C’N) C f" and hence

f =g: (Y oCn).

Proposition 3.19. Let f : N — N’ be a surjective near-ring anti-homomorphism
and @ is an i-v fuzzy prime ideal of N', then f~'(@') is an i-v fuzzy prime ideal of
N.

Proof. Let m and 7 be two i-v fuzzy ideals of N such that
o Cf )

= f(po C @)

= [@)fm S

Since @' is an i-v fuzzy prime ideal of N’

= f(@) S or f(m) € 7

~5Cf ()Mqu ()

Therefore f~'(@') is an i-v fuzzy prime ideal of N.

Proposition 3.20. Let f : N — N’ be a surjective near ring anti- homomorphism
and @' is an i-v primary fuzzy ideal of N', then f~Y(1') is an i-v primary fuzzy ideal

of N.
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Proof. Let i and @ be two i-v fuzzy ideals of N. Such that
I _ —1/—
pEC T (@) and T g fT)
= J17m) € 7 and () ¢ 7
T I nd /0) £
\/_’ (Since @' is an i-v primary fuzzy ideal)

M C f V)

=SV )

Therefore f~1(7') is an i-v primary fuzzy ideal of N.

Lemma 3.21. If i is an i-v primary fuzzy ideal of a near-ring N, then \/Ti is an i-v
prime fuzzy ideal of N.

Proof. Let @ and 6 be two i-v fuzzy ideals of N such that 7 0 C /i and @ Z /It
=50CHand T Z 7.

Since 77 is an i-v primary fuzzy ideal, 0 C \/Ji.

Therefore /77 is an i-v prime fuzzy ideal of N.

Proposition 3.22. Let f : N — N’ be a surjective near-ring anti-homomorphism.
If @ ws an f-invariant i-v fuzzy ideal of N and i, an i-v fuzzy primary ideal of N,
then f(x) is an i-v fuzzy primary ideal of N'.

Proof. Let & and @ be two i-v fuzzy ideals of N’ such that &0 C f (z) and @ < f(m)

17@0) € £ 1)
= /(@) C i and f71(0’ C 1)
F@) ) Ciand ) € 7
= f~40) C VI (Since @ is an i-v primary fuzzy ideal)
=0 C\/F7).

Therefore f(f) is an i-v fuzzy primary ideal of N'.

Proposition 3.23. For a surjective near-ring anti-homomorphism f : N — N, if
I is an f-invariant i-v strongly primary fuzzy ideal of N then f(@) is an i-v strongly
primary fuzzy ideal of N'.

Proof. Let 1z be an f - invariant i-v strongly primary fuzzy ideal of N.

= 7 is an i-v primary fuzzy ideal and (y/12)" C i for some n € N

= f(@) is an i-v primary fuzzy ideal of N'.

Since f(f) is an i-v primary fuzzy ideal of N', \/f(z) is an i-v prime fuzzy ideal of
N’. (By Lemma 3.21 )

Since v/ f(r) = AN{f (@), f(T) is an i-v fuzzy prime ideal of N', f(7) C f(@)}.
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Therefore (\/f(z) C f(zi) for some N € N.
Hence f(@) is an i-v strongly primary fuzzy ideal of N'.

Proposition 3.24. For a surjective near-ring homomorphism f : N — N', if [ is
an i-v semi prime fuzzy ideal of N’ then f~Y(@') is an i-v semi prime fuzzy ideal of

N.

Proof. Given @i’ is an i-v semi prime fuzzy ideal of N'.
= @' is an i-v fuzzy ideal of N’ and ?(x) = () for all z € N.
= f- ( ') is an i-v fuzzy ideal of N.
Let f~'(7') =7 = (') = f ()
Now i’ = @'i' = f(fi) f(R) = f(E 7) = [(E°)
== f () =n=[f"(@)()= (@) (2) for all z € N.
Conclusion
In this article it is shown that for an i-v primary fuzzy ideal of a near ring N, /I is

an i-v prime fuzzy ideal. Further it has been proved for a f-invariant and i-v fuzzy
primary ideal @ of N, f(f1) is also an i-v fuzzy primary ideal.
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