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Abstract. This article applies one method of ordinary differential equations which can be applied for partial
differential equations. Let us have Lagrange’s equation

y=xp(y)+ f(y), y=y(x)

This equation is linear on x and y. We denote y' with p and differentiate:

_ (9P £ (IR
p=p(p)+xp (p)dx+f (p)dx®

@(p—co(p))j—:—xco'(pF f'(p)

Then the solution of the Lagrange’s equation is determined by the system
y=x¢p(p)+ f(p)

(p_¢(p))g_;_X¢-<p): t'(p)

The latter equation is linear ODE with unknown function x and independent
Variablep. This is a familiar task.Then the solution in parametric form is:

x=Cq (p)+ f.(p) . Y=Cp,(p)+ f,(p)
We will apply this scheme and in PDEat first to the Burger’sequation and

After that for the equationsof Navier-Stockes

Keywords ODE, PDE, determinant, derivative of the determinant.
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I. Burger’s equation.

ou, ou,
—=+u =0; u,(x,0)=x
6’t 1 6X 1( )
The classic solution is:
dt 3 dx 3 du,
1 u O
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X-ut=C;

=>U = Cz =
u,(x,0)=x

Xx—ut=F(u,)
Hence C,=F(C,)=t=0—>x= F(x) I.e.ul =
X—ut = F(x—u,t)

X
1+t

Now we will solve the same equation by pre-differentiation. Namely, if we denote

ou ou
! Ch_ila Chio

T T

Then Y u, U _ . u, (x,0) = x; denote U, = —&;ql # 0 and hence

OX ' 1
P, 9%
%z ot 9, —-p ot
ot q;
by, 00
%z_ax 9, — P, ox
OX q;
But%:%
OX ot

Or we have the system

op op
p,a; = pla—xi—qlgl
s_o 0% 0%
ql pl 8Xl 1 6'[
Hence we have
dx, _ dt _ dp
T - 2
P, 4. PO; And
dx, _ dt _dqg,
pl _ql qls
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dx _ dt

P __ql
dx _ dp
B PG
dx _ dt
p1 __Ch
dxl_d_q1
b

Hence

P — 0% = PG —G'% =0
& @-q,)p, —a2%)=0

For g, —1we have% +u, =0, u(x,0)=0
Consistently, we find

du X
at_ Lou+ut=C, =>t=0 C=x=u, =—
1 —u 1+t

1

. 2 . . . . .
The second equation P; —0; X; = 0, considered in a system with the given equation, gets the same result:

%+ul%:0; u,(x,0) = x
ot OX ou, X

) =—X-U=0=—-u =0
ou, (8ulj X 1+t
T[T =0
ot OX

We see that the two equations have equivalent solutions thatcoincide with a solution obtained earlier
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I1. The two-dimensional case of the Navies-Stocks equations

The easiest is when the algebraic part in this system is linear. We look at the system

ou, ou, ou, op
—4+Uu, —+U, —=L(u, )+ f,(x,x,,t)-——
e (u)+ £,0x, %,1) ”
ou, au, au, op
+u +u =L, )+ f,(x,X%,,t)———
S S S L) ) 27
%4_%:0
oX, OX,
x e R%,t>0,u(x,0)=u’(x)
This system is linear aboutu.For that reason, we divide its linear part
ou ou ou
My, M P ) M (g, %01)

ox,  2ox, o ot
u, ou, ‘u, ou, _ op N L(uz)— ou,
0%, oX, oX,

=0
X, OX,
If denote o, o, i
L = '—(Ul)—g L, =L(u,)— p Then our system is
ou ou
u18_l+ 2—1:—6—'0+L1+f1(x1,x2,t)
X 28 24
ou ou
ula—2+u2—2:—a—p+L2+f2(x1,x2,t)
X, OX, OX,
%4_%:0
0%,  OX,
Where
oy ECEP:
ox, X o toX
A= axl 82 #0; and A, = % 82 -
ou v Py g M
X,  OX, OX, OX,
B T O O I P
o x| X |, toox, N
oA || T au
x,  0OX, 20X, 20X,

—> A=A (p)+A (L)+A, ()
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X
A, =| & : =, (p)+ A, (L)+A,(f)
% _a_p+L2+f
X, &~ 0OX, 2

Then we have forA =0

We now have to prepare to use the third equation of the Naviep-Stokes system. This means from the last expressions

foru,, u,to find% and%
OX, oX,

8A1A AGA

ou, _ 0% % A¢O,<:(A2¢O)

OX, A

A, A—AZG—A

ou, _ 0%, : X, A¢O,<:>(A2¢0)
OX, A

o0X; OX,

=0

A A
hA—Ala—AjL8 ZA-A,—
0%, 0%  OX, OX

aAZOQ

SN a(Al(/")“LA(;)((l'-l)+Al(fl))A_(Al(,o)ﬂLA1(|—1)+Al(f1

+6(A2 (p)+Aza)((L2)+A2(fZ))A_(Az(p)+A2(L2)+A2(fZ))_ZO

oA OA,(p) oA
A—-A — A-A
%, 1(0) ox, ’ X, - (#) ox )

oA, (L) oA A, (L,) oA
(Pl 2 Pelleds g (1) 2

oA ( f oA, ( f
+(—l( l)A—Al(1;)8—A+—2( Z)A—Az(fz)é—AJ:O
oX, X, OX, OX

This is a partial differential equation for o apparently from second order, written with determinants.

If we denote
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oA, ( f OA, ( f
P L A 10 PR R
0%, X, OX, OX
oA (L oA OA, (L, OA
= ) s () 2 2By )2
X, 0%, OX, OX
Then the equation is
oA OA
1(P) \_p (p) 221 22 (P) ) ()AL sk, 0
0%, 0%, oX, OX
OA OA _
Therefore, A,——,—— we can consider as a parameters too.
0X, OX,
Using
o O op 0w
oA (p) | a2 oxox, %, X,
% | p _Op Oy
OX, OX, 0X,0X, 0X,0X,
azul _ op % _a_p
oA, (p) | oxox,  oxox 2 24
X, ou, _op u,  p
OX, OX, OX,0X, 0%
_op 4 N9
ox,  OX OX, OX
Ap)= C Ay (p)= 1
_op N N, _%p
OX, OX, 0X, 0X,
Then our PDE about o in the classical form is:
2
%A azp_ %+5U2 A ap + %A azp_
6X2 8X12 axl axl axlaxz 8X1 6X22
_(uson v, onYop (ou oA _2u; M) dp K +K, =
OX, OX;, OX; OX, )OX, OX, OX, OX, OX; ) OX,

Where
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of, (%t t
K, = 0t ou, () ou, £ 1) 22 9B, fz(xz,t)%a—A———afl(xl’t Ny
ox,  0X, oX,  OX OX, OX X, OX X,  OX,
L TN O L A
X, 0% OX, OX, 0X; OX,
K:%%A aLzau1A |—1 aA aulﬁ_A_aLiauzA+aL2% _Lau OA Liaia_A
toox, %, OX, OX 6x ax1 20x, O, X, % OX, OX 2 O, OX, 0X, OX,

The first expression Ko contains besides the parametrs also the free members of the equations fro

the given system and the second Kl- only parameters and their introddused derivatives

Finally, using the pre-differentiation method, which we have already explained, the last equation is

transformed into an another equation

%+u1%+u2%:L(ul)+fl(xl,xz,t)—a—p
ot 0%, 0X, 0%,
au, au, ou, op
+Uu +Uu =L(uy )+ f,(x,%,t)———
U T, (Uy)+ £, (%, %, t) ”

2 2 2
%Aﬁp %+aUZA ap.,_%Aa/;_
ox, )ox oX, OX OX. 0%, |\ 0% ) OX

ou, A du, OA \Op [ Ou, OA  Ou OA 6p+K +K,=0
ax2 8x1 ax1 ax2 0X, ax1 ax2 8X2 ax 0X,
xeR?, t>0, u(x,0)=u’(x)
The third equation shows that the given system is compatible
Lemma.Let be given the two next determinants
A B o By A By Ay 8, A, - A,y b,
A=].. A =1 ...
anl an2 a‘n,k—l an a'n,k+1"'an,n . anl an2 a‘n,k—l bn a‘n,k+l"'a‘n,n

Then the respective addeed amounts of the two k-pillars are equal.The same applies to their derivatives.

Proof. The proof is elementary and we omit it

Examples:
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X, X, OX boox,  ox
A= ZUZ u, U, A, =W, PR Hence
X, OX, OX4 0X, OX,
ou, oOu, Ou, W ouy ouy
X &~ OX, OX, Poox, X,

ou, au, ou,
A zaﬁl(A)_aAﬂ(A)jLaAm(A)

Al :W1A11 (Al ) _Wz A21 (Al ) +W3A3,1 (Al) :Wl'A&l (A) _Wz A21 (A) +W3A31 (A)

ow, o’u, oy, w U ou, ou, ou,
S — W,  — —
X, OX.OX, OX0X, OX, OXq OX, OXq
Ay lyy, M Ay | W Sy O |y, My O
0%, 0X, OXq OX,  OX,0X, OX,0X, 0X, OXq
W, s |y A | aw, o,
X, OXq OX, OX, OX,  OX0X, OX0X,
And using Lemma we have
axi 5 5'X1 5X1 axl
OA | OW. OA OA
+W, 2 AP 22w, AR 22 s
Al (8x j X, . X, A X,
OA 2 OA 2 [ OA
+W 2 92 1 w.aAd | 2
A [ax J (6x2j A X,

The above index (k), k=1, 2, 3 means the line number with the corresponding derivatives. We

A,
DlrectlyseethatA (8 j

A(jk) A .This example ends thelemma analysis
24 %,
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I11. The three-dimensional case of Navier-Stockes equations

We know that in this case the system is

Or

We denote

o

L, =L(u) po

Then our system is

Where

ou, ou, ou, ou, op

+Uu +Uu +Uu = L(u, )+ f (X, X,, X,t)——
6t 1 axl 2 8X2 3 6X3 ( 1) 1( 1 2 3 ) 8X1
ou, au, au, au, op

+Uu +Uu +Uu =L(u, )+ f (X, X,, X,.t)———
at 1 8X1 2 8X2 3 6X3 ( 2 ) 2 ( 1 2 3 ) 6X2
M, D, X, Mo ()4 1, (0,0, %,0) -2
ot 0%, oX, OX4 OX4
ou, N au, N ou, 0

0%, OX, OX,

xeR®, t>0, u(x0)=u’(x)

ou, ou, ou, op ou,
U —+U, —+U, — =———+ L(u, ) ——+ f,(x;, X,, X;t
s St S = L) T e )
0 0 0 0
u, Moy, M2y uz:—a’ojLL(uz)—i+fz(xl,xz,xs.t)

0%, oX, OXq oX,
" Ou, u, ou, u, ou, __op
0X, OX, OX4 0X,

ou, N ou, N Ou,

+ L(u3)—a;t—3+ f, (X, X,, X5 1)

=0
OX, OX, OXq
ou ou
L, = L( 2)_521 L, = L(us)—#
b D, P, B P ()
6)(1 axz aX3 axl
U, auz +U, 5U2 + Uy auZ =_a_p+ L2 + f2(X1’X2’X3't)

0X, 0X, OX, OX,

6U3 au3 U, auS :_a_p+|_3+ fg(Xsz!XS't)

o0X, OX, OX, OX,
oX, OX, OX,

=0
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ou, ou
oo
O U
OX,  OX,
ou,  du,
x  ox
op Oy
X
_| _%p o4
o
op ou,
o ox

o

OX,

M, #0; and A, =
OX,

A

0Xq

a |

OX, OX,
g& + |_2 %
Xy OX,

au, ||

OX, OX,

= A=A (p)+A (L)+A(F)

% — a_p .+.|_1 +f %
o X toox,
Az = Z& — 8_'0 +|_2 +'|=2 a&
X, X, OX,
% — a_p +|_3 +f %
x X, Poox,
% % — a_p -}-|_1 +f
o % X, !
A, = Zuz au,  Jp AL+,
X,  0OX, oX,
% % — a_p +|_3 +f
o Ox,  OX, ’

oy,

OX,
ou,
OX,
ou,
OXy

A, (P)+ 4, (L) +4, (1)

Ay (p)+ Ay (L) + Ay (1)

We only look at the first three equations of the given system.From this subsystem of the given

A1 AZ AS
U =—,U, =—=,U, =—
AT AT A
From the last condition of continuity of the given system:
ou, ou, ou
—L 4+ 243 = Owe have
OX, OX, OX,
AL\ _pOA O 0A OBy, 5 A
u, X, Yox, ou, ox, 2ox, ou,  Ox, ® ox,
_— 2 y = 2 y = 2 1 (A *= O) Or
OX, A OX, A OXq A
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a

Y =0;A%0 >
= A
3
Z(%A—Aia—A]:O
i1\ OX, OX.
S (A(p) oA ), %[ A(L) oA ), [ A(F)
- A—-A — |+ A—A (L)— [+ A=A (f
Zl:( ox '(p)axiJ Zl:[ ox i )axi 2, ox ()
3 (o () oA 3.( oA (L) OA
K, = D IA-A(F) K, = ! L)2 |,
° ;( ox, ! )GXJ ' i_l[ o, ( )6xi
3 aAi(p) oA
A-A — |+ K, +K; =0
;( ox I(p)GXi 0T
OX,  OX, OXg
Ao ou, ou, odu,
OX; OX, OX,4
ou, Ouy  Ou,
0%  OX,  OXq
op 4
oX,  OX, OX,
op ou, ou, op op op
A(p)=| - == == =LA AN+EA(A)-LA (A
1(0) X, X O ox, Au(4) X, A (8) X, Au(4)
op My Oy
OX, OX, 0%
OA
l(p)A A ( )5_A:
28 %,
Ao Pu u | | e o aw | [ o2 M
oxZ OX,0% O%;0% X, X, X, ox,  0Xx, X
_| 1. dp 0, ou, 4l - o’ p 82u2 82uz + _8_'0 a& 5&
ox, X, X, X OX, OX, 0% OXOX X, 0% X
_op O ou, op ou, ou, ?p  du; 0
OX; 0%, 0%, OX, OX, 0X, OX,.0X;  OX,0% — OX;0X,
op op op OA
LA (A +ZEA (A) - A (A) | —.
[ Za@e Lae-Law2
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I.e.using our lemma we receive in canonical form

oA, (p) oA _ _u Op  pa[0A), Op
o NP S A“(@Xl] Aﬂ[@&] %X, A“[GXJA@WXf

A(E-a G aws )R
(s(zpn(zponoz)z
(A“((’J*JA A”( J “h >axJ§Z Arelow
&%, A-ba(p )SXA _A”Eaxj ox? A”(ax] aiax Aﬂ(axJ 6f:£<3+
R
R IR
(4SS prenz
j gxif) A (SXAJ aizax *hs (axJ af:éz(g B
Y R
R S

[als)e-nlE (i)

All determinants will be develop on the suitableelements. Therefore, the coefficients in these

8A3(p) A
8X3 A_As( )6_)(3_ 'Ahs(

3

expressions are the corresponding added quantities. All these suitable quantities are expressions of parameters. All

system is an example of a parametrical system. Consequently, physicists will be able to solve the task to the end in a
practical relationship between speeds.

Or finallywe received
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ou, oy, ou,
—u, + U, + —U; = ———
OX, OX, OX,
ou, U + ou, u, + ou, U, =
oX, oX, OX,
ou, U + ou, , ou, -
oX, OX, OX,
% p » [ OA
w2 ]a2s AZZ(GXZ

0
a)’ZJrL(ul)— tl (X, %5, X5, 1)
0 u
—£ L(uy)——=2+ f, (%, %X, %y, 1)
_op L(ug)——=>+ f, (X, %, X3, )
X3
2 2
e
2 3 3
o p s [ OA

{gg

OX

OA
OX

(%)
—JJA

s

o p

OX,0X,

A5

OX,0X,

2
AlL9P

OX,0X,

G, OA OA OA OA
) _An axlj An( jA Ail( )axl Alz[aXZJA"'Aiz(ax JA A12( )6X2
OA OA
PEA NSNS NOWRES
1 [ OA 3 [ OA 3 [ OA
Azl(aleA AZI[lejA Azl( )aT_Azz( 2] _Azz(a]A_ 8p
+ 87+
@) 2 [ 2 a2 e my a) 22 2
OA OA OA
—Ail( j Asl( jA Au (8) 2 A;Z[—jm
+ Z %, aaxl 8);2 5 2)’?+K + K,
A OA 1 A ) A A 3
+A3 (ax JA Asz( ) OX [@jAjLA%S[@XSj A33( )8X
_ 2 aAi(f) 8A OA
WhereKo_iZ_l:( o A=A (1) = ] and K Z( ‘(L)a_xJ

xeR? t>0, u(x0)=

u’(x)

The system thus obtained means that the equations of Navier Stokes form a compatible system.

The last equation is a studied task for A = 0. There is a case A =0 that is easier.

Finally, let'sagain look at Lagrange’s equation by theoryof ODE.

y=xp(y)+ f(y'), y=y(x)
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The final comparison with the concept of continuity from the Navier Stokes system shows that and in the Lagrange
equation there must be a condition of continuity, and then the Lagrange task is recorded in fullness as follows

y=xp(y)+ f(y) y=y(x)

%% -1
The second equation is trivial:“Of infinitely small amendment of x corresponds infinitely small
Changes of y and vice versa of infinitely small amendment of y corresponds infinitely small
Changes of x.” What else besides the continuity condition is the second equation?
Namely it completes the correct comparison of ideas from ODE in PDE.
We have to make a meaningful interpretation of the two obtained partial differential equations and to
Prove the equations of Navier-Stokes for the general case. But this is a follow-up development.
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