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Abstract--In this paper, a numerical method for N - order fuzzy initial value problems (FIVP) based on Seikkala derivative of fuzzy process is
studied. The fourth order Runge-Kutta method based on Contra-harmonic Mean (RKCoM4) is used to find the numerical solution of this
problem and the convergence and stability of the method is proved. This method is illustrated by solving second and third order FIVPs. The
results show that the proposed method suits well to find the numerical solution of N™ — order FIVPs.
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1. INTRODUCTION

The research work on Fuzzy Differential Equations (FDES) has been rapidly developing in recent years. The concept of the fuzzy
derivative was first introduced by Chang and Zadeh[9], it was followed up by Dubois and Prade [10] by using the extension
principle in their approach. Other methods have been discussed by Puri and Ralescu [23] and Goetschel and Voxman [16]. Kandel
and Byatt [21] applied the concept of fuzzy differential equation to the analysis of fuzzy dynamical problems. The FDE and the
initial value problem (Cauchy problem) were rigorously treated by Kaleva [19, 20], Seikkala [24], He and Yi [17], and by other
researchers [6, 8]. The numerical methods for solving fuzzy differential equations are introduced by Abbasbandy et.al. and
Allahviranloo etal. in [1, 2, 5]. Buckley and Feuring [7] introduced two analytical methods for solving N - order linear
differential equations with fuzzy initial value conditions. Their first method of solution was to fuzzify the crisp solution and then
check to see if it satisfies the differential equation with fuzzy initial conditions; and the second method was the reverse of the first
method, they first solved the fuzzy initial value problem and the checked to see if it defined a fuzzy function. Allahviranloo et.al
[3, 4] proposed the methods for solving N™ — order fuzzy differential equations. Jayakumar et.al [18] used the Runge - Kutta
Nystrom method for solving N — order fuzzy differential equations. Gethsi Sharmila and Henry Amirtharaj [14, 15] introduced
the explicit third order Runge-Kutta method based on Centroidal Mean (CeM) to solve IVPs and developed a numerical
algorithm for finding the solution of Fuzzy Initial Value Problems by Fourth Order Runge-Kutta Method Based on Contra-
harmonic Mean.

In this paper, a numerical method to solve N - order linear fuzzy initial value problem is presented using the fourth order
Runge — Kutta method based on Contra-harmonic Mean. The structure of the paper is organized as follows: In Section 2, some
basic results on fuzzy numbers and fuzzy derivative are given. Then the fuzzy initial value problem is treated in Section 3 using
the extension principle of Zadeh and the concept of fuzzy derivative. It is shown that the fuzzy initial value problem has a unique
fuzzy solution when f satisfies Lipschitz condition which guarantees a unique solution to the deterministic initial value problem.
In Section 4, the fourth order Runge-Kutta method based on Contra-harmonic Mean for solving N™ - order fuzzy initial value
problems is introduced. In Section 5 convergence and stability are illustrated. In Section 6 the proposed method is illustrated by
solving two examples, and the conclusion is drawn in Section 7.

2. PRELIMINARIES
An arbitrary fuzzy number is represented by an ordered pair of functions

(g(r),a(r))for all re [0,1] , Which satisfy the following requirements:
(i g( I‘) is a bounded left continuous non-decreasing function over [0,1] ,
(i) G( r) is a bounded left continuous non-increasing function over [0,1] ,
u(r)<u(r), 0<r<1
(iii) —( ) ( )

Let E be the set of all upper semi-continuous normal convex fuzzy numbers with
bounded « — level intervals.
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Lemma 2.1

Let [\_/(a),\_/(a)}, a €(0,1] be a given family of non-empty intervals. If

(i) [v(@). V(@) = [UB).V(B)] for 0< a < B, and
(if) [lim (&), lim (e )] = [v(@), v(@)],
whenever (e, ) is a non-decreasing sequence converging to « € (0,1], then the family [v(«), \_/(a)], a €(0,1], represent the

o — level set of fuzzy number Vv in E. Conversely if [v(a),v()], o € (0,1], are o — level set of fuzzy numberv e E then
the conditions (i) and (ii) hold true.

Definition 2.1
Let | be a real interval. A mapping V:l — Eis called a fuzzy process and denote the a — level set by
[V(t)]a =[V(t, @), V(t,@)]. The Seikkala derivativev'(t) of Vv is defined by [V'(t)]a =[Vv'(t,@),V'(t,@)], provided that is

a equation defines a fuzzy number V'(t) e E.

Definition 2.2
Suppose U and V are fuzzy sets in E. Then their Hausdorff

D:ExE—R,U{0}, D(u,v)= sup max{|g(a) —\_/(a)|,‘a(a) —\_/(a)‘},
a€[0, 1]
i.e D(u,V)is maximal distance between a level sets of Uand V_

3. FUZZY INITIAL VALUE PROBLEM
Now we consider the initial value problem

{x(”) ) =w(t, % X,..x" ), x(0) =a,,..., x"P(0) = a, (3.1)

where  is a continuous mapping from R, xR"into Rand &,(0 <i < n)are fuzzy numbers in E . The mentioned N" - order
fuzzy differential equation by changing variables

Yo () = X(0), Y, (®) =X'(®), ., ¥, () =x" (),
converts to the following fuzzy system

yl’(t) = fl(L Yireo yg),

yr"(t)z fn(t'yl"“’ yn)l (3.2)
v, 0=y =a,.,y 0=y =a,

where f, (1<i<n)are continuous mapping from R, x R"into R and y!” are fuzzy numbers in E with o - level intervals.
—[0] .
[V, =[y (). y; (@)]fori=1,.,nand0<a<1

Wecall Y =(Y,,..., ¥,)" isa fuzzy solution of (3.2) on an interval I, if

Y @)= min{ f,tu,.. u,); U ey (ta), ¥, (ta)l} = Tt y(ta),

Y, (@)= max{ f,(tu;,0 u,); U el (e, ¥, (L)l =Tt vt a)),
(3-3)

and

¥,0.0)=y"@), 0=V, (@ o
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Thus for fixed & we have a system of initial value problem in R?". If we can solve it (uniquely), we have only to verify that the

—[0] — [0] — [0] . . - . .
y (@)=(y, (@),....Yy, («))" with respect to the above mentioned indicators, system (3.2) can be written as with
assumption

y'(t)=F(t y®),
y(0)=y" €E".

(3.5)
With assumption
y(t.@) =[y(t, @), yt.a)] and y'(t, @) <[y (t, ).y (ta)]
where
X(t, )= [X(t, a),..., X(t, o), ~ ~ ~ (3.6)
yt.a)=[y(t,@),... yt o),
(3.7)
yta)=lyt.a),.... yt.al, (3.8)
Yta)=[yta),... ytal, (39)
and with assumption F (¢, y(t,@)) =[F(t, y(t, @))), F(t, y(t, «))], where
E@tyta)=[f ¢yt ). Tty , (3.10)
F(tyta)=[f, ¢yt a)... Tyt (3.11)

y (t) is a fuzzy solution of (3.5) on an interval | for all o € (0,1], if

y(t.@)) =FE(t y(t ));

y (ta) =F(t y(t a) (3.12)
y(0,2)=y"(@), Y0.2) =Y (a)

or
y'(t, @) =F(t yt @),
, (3.13)
y(0,@) = y*(a).
Now we show that under the assumptions for functions fi, for i=1,..., n how we can
obtain a unique fuzzy solution for system (3.2).
Theorem 3.1
If f,(t,u,..., u,)for i=1..., n are continuous function of t and satisfies the
Lipschitz conditionin U= (U,,..., un)T in the region
D= {t,u|t el =[0,1], o <u, <o for i=1,..., n} with constant L then the initial
value problem (3.2) has a unique fuzzy solution in each case.
Proof. Denote G = (E,E)T = (il ..... in, ?1 ..... ?n)T where
L(t,u) =min{f,(t,u,,..., U,); u; E[X,-’ y;), for j=1..., n}, (3.14)
f.(t,u) = max{f;(t,u,,..., u,); u, e[)_/j,yj], for j=1,..., n}, (3.15)
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Denote Y = (X, W = (Xl,..., 3_/n,§/n,..., S/n)T e R®". It can be shown that Lipschitz condition
of functions f, imply
|Ft.2)-F(.2)
This guarantees the existence and uniqueness solution of
y'(1) = F(t y()),
y(0) = y[0] _ (y[O],y[O])zt c R

Also for any continuous function y[l] ‘R, —> R?" the successive approximations

< LHZ -z

(3.16)

t
Yy =y + [F(s,y™(s))ds, t20, m=1.2,... (3.17)
0

converge uniformly on closed subintervals of [ R+ to the solution of (3.16). In other
word we have the following successive approximations

t
v ) =y, +IL (s, y™(s))ds, fori=1,..., n, (3.18)

t
Yo=Y+ [ Ti(sy™(s)ds, fori=l....n. (3.19)
By choosing Y™ = (X[O] (), 9[0] (a)) in (3.16) we get a unique solution

y“t) =(y(t o) )_/(t, o)) to (3.3) and (3.4) for each « € (0,1].
Next we will show that the Y (t, ) = (y(t, @), y(t, ), defines a fuzzy number in E" for
each 0<t<T, ie that y=(Y,,..., ¥,)" isafuzzy solution to (3.14) and (3.15). Thus we

will show that the intervals [y (t, ), )_/i (t, )], for i =1,..., n satisfy the conditions of Lemma (2.1). The successive

t
approximations Y™ =y ¢ E", yt™H(t) = yI +IF(S, yiM(s))ds, t>0, m=1,2,...,

(3.20)
where the integrals are the fuzzy integrals, define a sequence of fuzzy numbers yI™ (t) = (Y™ (t),..., y"!(t))" for each

0 <t <T.Hence [y™ ], = (y™(©)1,, if o<a < B <1, which implies that
[Xi[m] t, ), I/i[m] t, 21 c[)_/fm] (t, @), ;/i[m](t,a)], (0 < a < 5 <1),since, by the convergence of sequences (3.16) and
(3190 , the end  points  of [yM(t)], converge  to y.(t,2) and ;li (t, ) that ~ means
Yta) >y ta)andy, " (ta) >y ta). (G2

Thus the inclusion property (i) of Lemma (2.1) holds for the intervals [Xi (t,az),)_/i (t,x)] for O <a <1.For the proof of the
property (i) of Lemma (21), let(e,)be a non-decreasing sequence in (0,1] converging to a. Then
X[O] (a,) > )_/[0] () and ;l[O] (a,) —> 9[0] («) , because of X[O] € E". But by the continuous dependence on the initial value
of the solution (3.16), Y(t,«,) — Y(t, &) and gl(ap) —> y(), this means (ii) holds for the intervals [X(t,a),gl(t,a)], for

0 < a <1. Hence by Lemma (2.1), Y(t) € E"and so y is a fuzzy solution of (3.1). The uniqueness follows from the uniqueness
of the solution of (3.16).

4. THE FOURTH ORDER RUNGE - KUTTA METHOD BASED ON CONTRAHARMONIC MEAN (RKCOM) TO
SOLVE FUZZY INITIAL VALUE PROBLEMS
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4.1. RKCoM formula for Solving system of 1VPs

Evans and Yaakub[11] have developed a new RK method of order 4 based on Contra-harmonic Mean (RKCoM) to solve first

2 2
+ X
order equation and it is to be noted that the Contra-harmonic Mean of two points x; and X, is defined as (Xl—ZJ

X X
Murugesan et.al. [22] extended the fourth order RK formula based on Contra-harmonic Mean to solve system of 1\VPs (3.2) as
follows:

h{k“usz ke Kk

Ynaj =ynj+§ k1K, K, 1K, — , 1< j<m

where
= 15 (X Your Yozoeoss Yom )
fJ X +ahy +ahk,y +ahk,,.y + a1hk1m) The parameters are:
=f

i (X, +(a, +a;)h, y,, +a,hky, +ahk,,, y,, +ahk, +ahk,,... y,, +ahk, +ahk, )

(
_1, X, +(a, +a; +ag)h, y,, +a,hky, +ashk,, +ashk;,, y,, +a,hk,, +ahk,, +ahks,,...,
ynm+a hk,,, +a;hk,,, +aghk,,,

8->, 8,=%, 8=, a,= =, 8=, 8, = (42)
2 %7y g’ 4 4’ 2 '
4.2. Procedure for Solving FIVPs
We consider fuzzy initial value problem (3.2) with the unique solution Y = (yly yeerr Y )T eE" . For finding an approximate

solution of (3.2) with the fourth order Runge- Kutta method based on Contra-harmonic Mean, we first define

Yt D=yt 1) =D wki(t,, y(t,; r),h),
izl (43)
Yt D=y 1) =Y wkitt,, y(t,; r),h),

i=1
where the w;’s are constants and

[kt y@& 1.1, =1k @ v r).h), k@ yE nhli=1 2, 3, 4

Ki(t,, y(t,; r).h) = f(t, +ch, y(t, )+Za., kj(t, y(&,: r).h),

(4.4)
kit y(t,; 1).h) = f(t, +ch, §(tn>+_2ai,- kit y(t,; 1),h)),

ka(t, Y1), h) =min{f,(t, s,,.... s,)\s; ely; (&), y; (&0}, (1<, j<n)
Ki(t, y(t;r),h) = max{ f, (¢, s, s)\s; ey, 1), v, &0,
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Ko (t, y(t1),h) = min{ fi(t+g, Sy SOVS; €[z, (6 1), Zu(t )T}
kiz(t, y(t;r), h) = max{ fi(t+g, Spyees Sp)\S; €[Z51(t5T), Zu(t 0]}
Kis(t, y(t;r),h) =min{f, (t+2’ Sy Sp)\S; €[Z5,(65T), Ejz(t;l’)]}

kis(t, y(t;r), h) = max{ fi(t+g, Sy Sp)\S; €[Z5,(85T), Zi2(t; )]}

Kio(t, y(t;r),h) =min{ fi(t +h, s,,..., s,)\'s; €[z;5(t; 1), E1'3(t;r)]}
Kia(t, y(t; 1), h) = max{ f.t+h,s,.., s)\s; e[z,5(Lr), zia(t; )]}

(4.5)
such that ,

2,6 YEDN) =Y 6D+ 2K, € V)

2t YR = Y, (6 + DKt Y(E)

2, YED) = (601K VG0 + Sk (6 y(E ),

2t YETR) = Y6+ SRt Y&, R) + 0K oyt

2ot VG =Y 60+ Kot YT = K VG, h+ R (6 Y6 )

Zia(t, y(t:r),h) zyj(t;r)+%Ej2(t, y(t;r),h)-%hi,-z(t,y(t;r),h+ghk,-3(t,y(t;r))
now we consider the following relations
Fi [t, y(t, r), h] — Kil (t’ y(ta r), h) +Ki2(t’ y(t: r), h) + Kiz(t’ y(t: r), h) +Ki3(ti y(ta r), h) +
ki (6, y(tr), h)+ ki (6 y(©r),h) - Ko (t, y(& 1), h) + ki (t, y(t 1), h)
Kis(t, y(tr),h) +kg ¢ y(tir),h)
Kis(t, y(& 1), h) +k;, (t, y(t;r), h)
G, [t, y(t:1),h] = Ka (6, y(G0),h) +Kia(t, yGn.h) | ki, yEn),h) +Katt, yGn.n
Kia(t, y(t;r),h) +ki2(t, y(t;r),h)  ki2(t, y(t;r), h) +kKis(t, y(t;r),h)
Kis(t, y(t;r), h) + ki (t, y(t;r),h)
kia(t, y(&;r),h) +kia(t, y(t;r), h)
and suppose that the discrete equally spaced grid points {to = 0,t1, U =T} is a partition for interval [0, T]. If the exact and

approximate solution in the i-th @ cut at t,,0<mM<N are denoted by [yi[m](a),yfm](a)] and [\L\/Em] (a),v_vEm](a)]

respectively, then the numerical method for solution approximation in the i-th coordinate ¢ cut, with the Runge-Kutta method
based on contra-harmonic Mean is

W™ (@) = w™ () +g£i (t, W' (@),h), W (@) =y, (@),

— [m+1]

W ey =w™” (a>+gﬁ(tm,wm @.h), W (@)=Y, (a),
Where
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[, (©)], =[w,(t, @), Wi(t, )], W™(@) =[wW™ (@)W ()]
W™ (@) = (W™ (@),..., W(@)T,and W (@) = (Wi (@), ..., Wa (@)

Now we input

1

F* (t, W™ (ax), h) =§(F1(t,vv[m](a),h),..., F. (W™ (@), h)", 4.22)
G* (t, W™ (), h) :%(Gl(t,vv[m](a),h),..., G, (t, W™ (a),h)". (4.23)

The Runge-Kutta method based on Contra-harmonic Mean for solutions approximation ¢ -cut of differential equation (3.13) is
as follow

W™ (o) =wi™ (o) + hH (., w"(x),h), w%(a) =y (@) (4.24)
where
H (tm,vv[m](a), h) = F"(t, W (a), h) = [F*(tm,vv[m] (), h),..., G*(tm,vv[m](a), h)]
and
F*(t,w[m](a)’h)_l[k 2(t, y(t;r), h) +Ki(t, y(t;r), ), ko (t, y(tr), h) + k3t y(t 1), h)
37k, (t, y(t;r),h)+k,(t, y(t;r),h) k ,(t, y(t;r), h) +k,(t, y(t;r), h)
k3 3ty ), h)+k (t, y(t;r), h)]
K, (t, y(t;r),h)+Kk,(t, y(t;r),h)
(4.25)
G*(tm,w[”‘](a),h)] 1 kl (t, y(t;r), h)+k2 (t, y(t;r), h) kz(t y(t;r), h)+k (t, y(t;r), h)
37 ku(t, y(E 1), h) +Ka(t, y(E:r),h) s (t, y(t;r),h) +ks(t, y(t;r), h)
k3(t, y(t,r),h)+k4(t, y(t;r),h)
ka(t, y(t;r),h)+ka(t, y(t;r),h)
(4.26)
and also
k; (t, W™ (@), h) = (ky; (t, W™ (@), h), ..., Ky (6 W™ (@), h))T,
ki (t, W™ (@), h) = (kaj (t, W™ (@), h), ..., ke (t, W™ (), h))". (i=1,2,3,4)
5. CONVERGENCE AND STABILITY
Definition 5.1
A one-step method for approximating the solution of a differential equation
{y’(t)) =F(t,y(),
_ ylol n
y(@)=y"eR 527
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which F isa N™ - ordered as follow f =(f,,..., f.)"and f,: R, xR" — R(1<i <n), is a method which can be written in the
form

W = w4 hy (8, W, h), (5.28)

where the increment function y is determined by F and is a function of t, w"and h only.
Theorem 5.1
If w (t, Y, h) satisfies a Lipschitz condition in y, then the method given by (5.28) is stable.

Theorem 5.2

In relation (3.5), if F(t, y) satisfies a Lipschitz condition iny, then the method given by (4.24) is stable.

Theorem 5.3

it W (@) =W (@) +h y (4, W' (@), h), W)=y () (5.29)

where ¥ (., w"(x),h) =[w, (t,,W"(@),h),w, (., W"(),h)] is a numerical method for approximation of differential
equation (3.13), and y, and y,are continuous in t, y, h for 0<t<T, 0<h<h,and all y, and if they satisfy a Lipschitz
condition in the region D= {t,u,v, h)|0£t <T, —o<U LV, —o<V, <4, 0<h<h i=1,..., n}, necessary and
sufficient conditions for convergence above mentioned method is y(t, y(t, ), h) = F(t, y(t, @)).

(5.30)

Proof: Suppose thati/(t, y(t, ), 0) = F(t, y(t, ), since, F(t, y(t, @)) satisfying the conditions of theory (3.1), then the
following equation

{yKU)zF%tya»,
y(0) = y*(a)

has a unique solution such as y(t, ) = (‘X(t, ), y(t, ), where

(5.31)

yt.a)=(y(t a).... yt, a))" and gl(t, )= (gl(t, a),..., gl(t, a))". We will show that the numerical solutions given by
(5.29) convergent to the y(t) . By the mean value theorem,

X[m*—l] = i[m] + hL(tm + Qihl y(tm + th))’ for O<QI <1’

(5.32)
v =Y KT (L, + Gih, vt +8ih)), for 0<8i<1 (5.33)
with assumption ¥ = (y/_, .., g/_/n)T and l/_/ = (1/_/1, g;n)T .From equation (5.29) obtain the following relations
w" (@) = w ™ (@) +hy (t,,, W" (@), h),

— [m+1]

wi  (a)= V_Vi[m] () +hy, (t,,,W" (), h), and subtracting (5.32) , (5.33) from (5.34) , (5.35) respectively, and setting
—[m]
e () =[e™(a),e ()], where

(@) =e(t, ) =W (@) -y (@ and e (@) =et, @) =W (@)~ (a), we get
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e (@) =" () + by, (6, WM (@), ) — (WM (@), 1) + 7, 1, W (@), 1) - (1, W (@), 0) +

vt W7 (@),0)- T (¢, + 80, y(t, + B} o e et
way, with resp;ct to the relation of é(tm W (@),0) - f.(t,, yi™ () we can write
|, (6, W™ (2),0) - (L, +Gh, y(t, +6; |

<O+ LYY, (600 - )+ LY G + 0 - Y,

Y, (t, +£6hG, h|=hL,,

=hL 6, + Lizn: Xi,(tm +&6;h) -6, h|+ Lizn:

e ()| <[e " (o) + Ly {i\ej[”” @|+[e™ @} +h* L +hL,
°

then
< ‘gj[m] (a)| +nhl, rg;a%( {‘éi [m] (a)| +h?(L+L,)
On the other hand
m m — [m] ,
max{le " @} =k e (@), maxe,” @} =k

é-[m]( )|
I<j<n (— I<j<n I @

with assumption Kk, = max{ki , ki’} and M=L,+L,, we can write

I<i<n

6" (@) <[ (@) +[&"™ (@)|+ nhk,L, {I@i ")+l (@)} + M2

- (5.36)
<|e,"™ ()| +2nhk,L, {|gi ™ () +\éi (@)} +M,h?,
similarly, we can obtain the following relation
‘gi[m”] (a)‘ < ‘gi[m] ()| 2nhk, L, max {|§3i ™ (@) +‘éi[m] (@)} +M,h’ (5.37)

Now, we input L =max { L, Ll'} and M:max{Ml, Mz} the relations (5.36) and (5.37) can be written as follow

‘Ql[mﬂ] (a)‘ < ‘gi[m] (a)‘+ 2nhkL max{|iei[m] (a)|+‘éi m (@)} +Mn?,

— [m+1]
‘ei ")

< ‘éi[m] (a)‘+ 2nhkL max{|e‘[m] (a)|+‘é‘[m] (e)]}+Mb?

—[m] .
Denote e[ = ‘gi[m] (a)‘ +‘ei (a)‘.Then By virtue of lemma (5.7)

e™ () < (1+ 4nhkL)"e” () + 2Mn2 LHANMKL T =1
4nhkL

where
—[0]
el = ‘(_ei[ol (a)‘+‘ei (a)‘.Then

4mnklh

(m] ‘h e 4mnklh
e ™ (@) <™ xe+M
: 2nhkl

h.
2nhkL

—{m]
h and ‘ei (a)‘ <e'™" xel 1 M

In particular
4Nnklh

2nhkl

4Nnklh

™ ()] < "™ xe +M h.
i 2nhkL

—[N]
h and ‘ei (a)‘ <e"™"xell+ M

Since
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e N(a) = e (a)=0, and h= —We obtain

h, if h—>0we get

4Nnk 4Nnk 4Nnk|h
Then [e™ ()| <M Wh and [e," () <M Wh Then He[N](“)H<2M T

He[N](a)H — 0, so the numerical solution (5.29) converge to the solutions (5.31). Conversely, suppose that the numerical method
(5.29) convergent to the solution of the system (5.31). With absurd hypothesis we suppose that (5.30) is not correct. Then
l//(t, y(t, a),O) =g (t, y(t, a)) #F (t, y(t, a)). Similarly, we can prove that the numerical method of (5.29) is convergent
to the solution of following system
{U'(t)) =g(t, y()),
u(0) = y*(a),

Then

y(t, ) = u(t). Since g(t,y(t,«)) = F(t,y(t,«)), suppose that F and g differ at some point (t,, y(t,, a)).1f we
consider the initial values problem (5.31) and (5.38) starting from (t,, y(t,, ) we have
Y'(t,,a)=F(t,, yt,, @) = g(t,, y(t,, @) =g(t,,u(t,)) =u'(t,), which is a contradiction.

Corollary 5.1

The proposed Runge-Kutta method based on Contra-harmonic Mean by (4.24) and is convergent to the solution of the system
(3.13) respectively.

6. NUMERICAL EXAMPLE
Example 6.1
Consider the following fuzzy differential equation with fuzzy initial value

y'()-4y'(t)+4y(t)=0 (t=0)
y0)=Q2+a,4—a)
y(0)=5+a,7-a)
The exact solution is as follows:
y(t,r) = (2+r)e* + (1-r)te®)
y(t,r) = (4—r)e? +(r —1)te?)

The solution of the fourth order Runge - Kutta method based on Contra-harmonic Mean is as follows:

w, " () = w ™ (@) +

8

WSS

6
\Lvlv_vz[g h? +2—32h3 L 7h +%h5]

h3+3h4+%h5]+w [2h° + 4h* +3°]—

v_v2[2+4h+%h2]—wl[4h+3h2]

WS S SR D)W+ 2 h)

w,[2+2h]-2hw,

667 he 4 210 + 5169 he 4+ 27h° + 27h7]+

J’_

W22[§h+4h2

23h] ww[4h2+5§h3+44h4 125h 1‘;’3h +81h7]

w[2+6h+247 +9h*]—w,[6h+9h? + 227h]

le[zgo h® +20h* +51h° + 54h° +
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— [m+1]

W1 (a) = V_Vllm] (0!) +

W T2h+ 502+ 20043+ 2 h 4w [oh? +dnt +30°]
33 6 16 3

\7v1v_v2[§h2+§h3+7h4+9h5]

3 3 2

\7Vz[2+4h+ih2]—v_vl[4h+3h2]

—22 4 4 —2.4 —— 4 8
W2 [Zh+—h*+ - h*1+wi [ h®*]-wiwo[ - h*+ - h?
2[3 30 T3 ] 1[3 I-wi 2[3 3 ]+

Wa[2+ 2h]-2hw
W L2 h+ah? + 87 ne 4 21 1+ 229 1s 4 27n® 4 2707+
3 6 16
283 171 waan? + 28 1o 4 aant 4 1995 193 s gq7y
4 3 "
Wo[2+6h +%47h2 +9h°]— wa[6h +9h? +227h3]

v_vlz[z?? h® +20h* +51h° +54h° +

w, " (@) = w," () +
W22 h+16h° + 12001+ w2 h+ 2 e + 84 ey mw w2 b+ 1212 1 3one
3 3 "3 T3 33
W, B+ 6h]— v 8-+ 81]

v_v22[3—32 h+32h® +40h® + 24h* +12h°]+ \Lvlz[% h+ % h? +2%0 h®+48h* +27h°] -

+

szl[%h + 22842 104n° + 680 +36h°]
3 3

W,[8+12h +6h*]—w,[8+16h +9h?]

v_v22[?2h+48h2 1108h* +180h* + 240h° +180h° +6%5h7]+v_vf[48+%6h3 19303

+

he 4 85264

h®]-
9 81 ]

v_vzv_vl[G—;h +112h* +280h* + 496h* + 708h° +558h° +540h"]
_|_
W, [8+18h+18h? +%h3]— W,[8+24h + 27h? + 36h°]

— [m+1]

Wz[ (0!) = V_Vz[m] (0() +

W T2 h+16h? +120°]+ W o2 h+ 042 1 84 ey wom 8 b+ 12 e 1 30n7]
3 3 3 3 3 3 s

W;[8+ 6h] —wi[8+8h]
V_V22[332 h+32h% +40h® + 24h* +12h°] +v_v12[?;2 h+ 1§8 h? +220 h® +48h* +27h°] -
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W2[8+12h +6h?]—wi[8+16h +9h?*]
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45
2
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Table 1 shows the obtained results by the proposed method for r=0 to 1 and compared with the fourth order Runge — Kutta

method(Table 2)
Table 1 (for ex 6.1)
FIVPRKCOM4SYS2
h=0.1, t=1 h=0.1, t=2 h=0.01, t=1 h=0.01, t=2
error in W | error inw | €rror in W | error inw | €rror in W | error inw | €rror in w | error in w
2.79E-03 1.99E-03 3.98E-02 3.856-02 | 1.70E-05 2.36E-05 1.82E-04 5.23E-04
2.49E-03 1.68E-03 3.63E-02 3.02E-02 1.41E-05 1.88E-05 1.56E-04 3.94E-04
2.21E-03 1.43E-03 3.29E-02 2.37E-02 1.13€-05 1.46E-05 1.30E-04 2.92E-04
1.956-03 1.226-03 2.96E-02 1.88E-02 8.85E-06 1.10E-05 1.05E-04 2.10E-04
1.71E-03 1.05E-03 2.64E-02 1.52€-02 6.64E-06 7.96E-06 8.15E-05 1.46E-04
1.50E-03 9.19E-04 2.34E-02 1.276-02 4.73E-06 5.46E-06 6.00E-05 9.59E-05
1.31E-03 8.29E-04 2.06E-02 1.12€-02 3.12E-06 3.47E-06 4.10E-05 5.86E-05
1.15E-03 7.76E-04 1.80E-02 1.05E-02 1.84E-06 1.96E-06 2.50E-05 3.18E-05
1.01E-03 7.58E-04 1.57E-02 1.05E-02 8.99E-07 9.14£-07 1.27€-05 1.42€-05
9.01€-04 7.74E-04 1.37E-02 1.10£-02 3.17E-07 3.05E-07 4.64E-06 4.55E-06
8.22E-04 8.22E-04 1.21E-02 1.21E-02 1.12€-07 1.12E-07 1.66E-06 1.66E-06
Table 2 (for ex 6.1)
FIVPRKASYS2
h=0.1, t=1 h=0.1, t=2 h=0.01, t=1 h=0.01, t=2
error in W | error in w | €rror in W | error in w €rror in W error in w{ €rror in W error in w
1.25€-05 4.09E-06 158602 | 1.03E-03 | 1.06E-07 | 9.856-00 | 1.86E-06 | 1.41E-07
1.20€-05 4.51E-06 150E-02 | 1.86E-04 | 1.026-07 | 1.47E-08 | 1.76E-06 | 4.08E-08
1.16E-05 4.93E-06 14102 | 6.57E-04 | 9.686-08 | 1.056-08 | 1.66E-06 | 5.92E-08
1.12€-05 5.35E-06 1.33E-02 | 1.50E-03 | O.19E-08 | 2.43E-08 | 1.56E-06 | 1.59E-07
1.08E-05 5.76E-06 125602 | 2.34E-03 | 8.71E-08 | 2.92E-08 | 1.46E-06 | 2.59E-07
1.04E-05 6.18E-06 1.16E-02 | 3.18E-03 | 8.23E-08 | 3.40E-08 | 1.36E-06| 3.59E-07
9.95E-06 6.60E-06 1.08£-02 | 4.03E-03 | 7.74E-08 | 3.88E-08 | 1.26E-06| 4.59E-07
9.53E-06 7.02E-06 9.93-03 | 4.876-03 | 7.26E08| 4.37E-08| 1.16E-06 | 5.59£-07
9.11£-06 7.44E-06 9.086-03 | 5.71E-03 | 6.78E-08 | 4.85E-08 | 1.06E-06 | 6.59£-07
8.69E-06 7.86E-06 8.24E-03 | 6.556-03 | 630608 | 533E-08| O9.596-07 | 7.59E-07
8.27E-06 8.27E-06 7.40E-03 | 7.40E-03 | 581E-08 | 581E-08| 8.596-07 | 8.59E-07
Example 6.2

Consider the following fuzzy differential equation with fuzzy initial value

y"(t) =2y"(t) +3y'(t)

y(0)=B+a,5-a)
y'(0)=(-3+a,-1-a)
y"(0) =8+ a,10—a)

the eigenvalue-eigenvector solution is as follows:

y(t,r) =(—E+le3t +

3 12

11
—=+r)e,
(4 )

0<t<1)

1 7

——+—e¥+ (%— re™).

3 12

The solution of the fourth order Runge - Kutta method based on Contra-harmonic Mean is as follows :
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w, " ) = w " (@) +
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\va[ml] ()= Wz[m] (a)+
W, [7 ﬁ 189 189 5, 567 967 6 11907 h? 1+
64 64 1024
\Lvaz[*h Lon? 4 343 hd 4 226 he 4 33301 ho 4 140525 he + 133225 h7]+
3 72 27 3456 15552 23328
1539 2403 he . 2835 h ]
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w, " @) =w, ™ () +
w,2[6h+18h° + 309, 585, 23895 , 2835 ; 6075 W4
8 8 256 32 64
3 12 8 2 32 1024
w,w,[8h + 33h° + 293 o 561, 6291 ¢ 22329 ; 24705 h']
4 4 32 128 128
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Figure 1 shows the obtained results and compared with the fourth order Runge — Kutta method for h=0.01 andt =1
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Comparison between R4 and RKCohd when h=0.01 and t=1

—— RKCoM4
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0.9

0.

0.7

0.&

0.4

rvalue

0.4

0.3

0.2

a.1

Abszolute error

Figure 1 (for ex.6.2 h=0.01 and t=1)

7. CONCLUSION

In this paper a numerical method for solving N™ - order fuzzy initial value problem is presented. In this method N™ - order fuzzy
linear differential equation is converted to a fuzzy system which will be solved with the fourth order Runge-Kutta method based
on Contra-harmonic Mean. From the numerical examples 6.1 and 6.2, by comparing the absolute error values at t=1 and t=2 i.e.
from the tables 1 and 2 it is concluded that the proposed method gives a good accuracy for solving the FIVPs. The proposed
method also compared with the classical fourth order Runge — Kutta method and presented in table 2 and figure 2.

[1]
[2]

(3]
[4]
(5]
(6]

[7]
(8]

(9]

[10]
[11]

[12]

[13]
[14]

8. REFERENCES

Abbasbandy. S, T. Allahviranloo, Numerical solutions of fuzzy differential equations by taylor method, Comput.
Methods Appl. Math. 2 (2002) 113-124.

Abbasbandy. S, T. Allahviranloo, Oscar Lopez-Pouso, J.J. Nieto, Numerical Methods for Fuzzy Differential Inclusions,
Comput. Math. Appl. 48 (2004) 1633-1641.

Allahviranloo. T, N. Ahmady, E. Ahmady, A method for solving n-th order fuzzy linear differential equations, Comput.
Math. Appl 86 (2009) 730-742.

Allahviranloo. T, N. Ahmady, E. Ahmady, Nth-order fuzzy linear differential equations, Information Sciences 178
(2008) 1309-1324.

Allahviranloo. T, N. Ahmady, E. Ahmady, Numerical solution of fuzzy differential equations by predictor—corrector
method, Infor. Sci. 177 (2007) 1633-1647.

Buckley. J.J, T. Feuring, Fuzzy differential equations, Fuzzy sets and Systems 110 (2000) 43-54.

Buckley. J.J, T. Feuring, Fuzzy initial value problem for Nth-order fuzzy linear differential equations, Fuzzy Sets and
Systems 121 (2001) 247-255.

Buckley. J.J, T. Feuring, Introduction to fuzzy partial differential equations, Fuzzy Sets and Systems 105 (1999) 241-
248.

Chang. S.L, L.A. Zadeh, On fuzzy mapping and control, IEEE Trans. Systems Man Cyber-net, 2 (1972) 30-34.

Dubois. D, H. Prade, Towards fuzzy differential calculus, Part 3: Differentiation, Fuzzy Sets and Systems 8 (1982) 225-
233.

Evans, D.J. and Yaacub, A.R. (1993). A new fourth order Runge — Kutta Method based on the Contraharmonic Mean,
Int. J. Computer Math., 57,249-256, 1995.

Friedman. M, M. Ming, A. Kandel, Fuzzy linear systems , Fuzzy Set and Systems 96 (1998) 201-209.

Gear. C.W., Numerical Initial Value Problem In Ordinary Differential Equations, Pren tice Hall, (1971).

http://www.ijritcc.org




[15]

[16]

[17]
[18]
[19]

[20]
[21]
[22]
[23]

[24]
[25]

Gethsi Sharmila .R and E.C. Henry Amirtharaj, Implementation of a new third order weighted Runge-Kutta formula
based on Centroidal Mean for solving stiff initial value problems, Recent Research in Science and Technology 3(10)
(2011) 91-97.

Gethsi Sharmila.R and E.C. Henry Amirtharaj, Numerical Solution of Fuzzy Initial Value Problems by Fourth Order
Runge-Kutta Method Based on Contraharmonic Mean, Indian journal of applied research 3(4) (2013) 339-343.
Goetschel. R, W. Voxman, Elementary fuzzy calculus, Fuzzy Sets and Systems 18 (1986) 31-43.

He. O, W. Yi, On fuzzy differential equations, Fuzzy Sets and Systems 24 (1989) 321-325.

Jayakumar.T , K.Kanagarajan, S. Indrakumar, Numerical solution of N — order fuzzy differential equation by Runge —
Kutta Nystrome method, International journal of Mathematical Engineering and Science, vol.1 issue 5 (2012) 1-13.
Kaleva. O, The Cauchy problem for fuzzy differential equations, Fuzzy Sets and Systems 35 (1990) 389-396.

Kaleva.O , Fuzzy differential equations, Fuzzy Sets and Systems 24 (1987) 301-317.

Kandel. A, W.J. Byatt, Fuzzy differential equations, in: Proceedings of the International Conference on Cybernetics and
Society, Tokyo, (1978) 1213-1216.

Murugesan. K, Paul Dhayabaran. D, Henry Amirtharaj. E.C and David J. Evans , A Comparison of extended Runge —
Kutta formulae based on Variety of means to solve system of IVPs, Intern.J.Comp.Math.78 (2001), pp.225-252.

Puri. M.L, D.A. Ralescu, Differentials of fuzzy functions, J. Math. Anal. Appl. 91 (1983) 552-558.

Seikkala. S, On the fuzzy initial value problem, Fuzzy Sets and Systems 24 (1987) 319-330.

Yaacub, A.R. and Evans, D.J. The Runge — Kutta Contraharmonic Mean Method with extrapolation for the parallel
solutions of O.D.E’s, Int. J. Computer Math.,6,111-128,1995.

http://www.ijritcc.org




