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Abstract:

The idea of a Fermatean fuzzy prime bi-ideal of I'-BCK algebras was proposed in this study, and some of its basic
characteristics were examined. The cubic membership and non-membership conditions for bi-ideals are presented in
relation to I'-structures. Additionally, we study the behaviour of these prime bi-ideal under homomorphism and
characterise them using cubic level sets. Fermatean logic is used in the results to create a generalised foundation for

fuzzy algebraic structures.
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1. Introduction:

Zadeh [8] first introduced fuzzy sets (FS) in 1965 as
a way to deal with ambiguity, and it was
subsequently used in the theory of BCK\BCI algebra.
By incorporating a non-membership function,
Atanassov [l]expanded FS into intuitionistic fuzzy
set (IFS). Senapati and Yager [4] proposed the
Fermatean fuzzy set (FFS), which satisfies the
condition 0< pA(x) +94(x) <1

, to provide more flexibility when the sum of
membership and non-membership degrees

exceeds 1. While fuzzy ideals in BCK-algebras have
been thoroughly studied [7,3], the concept of [-BCK
algebras was introduced as a more general algebraic
structure [5]. Numerous authors have studied bi-ideals
in different fuzzy contexts [7,3]. In the context of
Fermatean fuzzy BCK algebras, however, the
research of prime Bi-ideals is still in its infancy.
Inspired by the latest advances in Fermatean fuzzy
logic, this study presents and investigates the
characteristics of Fermatean fuzzy prime bi-ideal I'-
BCK algebras.

2. Preliminaries:

Definition 2.1[5]: Let X be a non-empty set and I'-be
a non-empty set of binary operations. Then (X, I',0)
is called a I'-BCK algebra if for all x, y, z € X and v,
o €T, it satisfies the following axioms:

) (xyy)d(xy2)38(zyy) =0
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i) xy(xyy)yy) =0

iil) xyx=0

iv)0yx=0

V) xyy=0andyyx=0=>x=1y

Definition 2.2[5]: In a I'-BCK algebra X, the partial
order " <" isdefined asx <yifandonlyifxyy =0
forall y €T.

Definition 2.3[2]: A non-empty subset A of a '-BCK
algebra X is called a I'-subalgebra of X, if for any x, y
€Aandy€Il,wehavex yyE A.

Definition 2.4[7]: Let X be a non-empty set. A
Fermatean fuzzy set (FFS) A in X is an object having
the form: A= {<x, pg(x), 94(x)>: x€ X } were ug: X
— [0,1] and 94: X — [0,1] denote the degree of
membership and non-membership respectively,
satisfying the condition.

0< (HA(%))3 + (P4(x))3 < 1 forall x€ X

Definition 2.5[1]: An Intuitionistic fuzzy set (IFS). A in
x is defined by A={<x, pg(x), 94(x)>: x€ X }, where
0<pg(x) +94(x) <1

Definition 2.6[2]: A Fermatean fuzzy set A= (ug4,
Y4) of a I'-BCK algebra X is called a Fermatean
fuzzy I'- subalgebra of X if forall x,y €EXandy €T

1) paxy y)= min{ua(x), ua(y)}

i) 94(xy y)< max{94(x),94()}
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Definition 2.7[4]: A Fermatean fuzzy set A= (ug4,
Y4) of a I'-BCK algebra X is called a Fermatean

fuzzy bi-ideal of x if it satisfies:

1) #A(0) Z ua(x) and 94(0) <IA()

i) pa(xyyyz) = min{pa(x), pa(2)}

1) 94(x 7 y v 2)< max{94(x),94(z)} forall x, y, z
€Xandy,d €T

Definition 2.8[3]: A Fermatean fuzzy bi-ideal A=
(14, 94) of aI'-BCK algebra X is called a Fermatean

fuzzy prime bi-ideal if it satisfies the following
conditions forall x,y € Xandy €T’

1) pa(xyy) < max{ug(x), ua(z)}

i) 94(xyy) = min{da(x), 94}

Alternatively, this can be expressed in terms of the
Fermatean boundary condition as:

1) (ua(xy y))? < max{(ua(x))*, (na(y))*}and

i) WAy y)? = min{(94(0))% FA(0))%}

3. Fermatean Fuzzy prime Bi-ideals of I'-BCK
algebra

Definition 3.1: Assume A = (u4, 94) be a Fermatean

fuzzy set in a I'-BCK algebra X. Then A is called a
Fermatean fuzzy prime bi-ideal of X if it satisfied the
following conditions:

(FFBI - 1) pA(0) = pA(x) and 9A(0) < IA(X)
(FFBI -2) pa(x v y)=2 min{pA(x), pA(2)}

(FFBI -3) 94(x v y)< max{94(x),94(2)} for all x,
y, z EX and v, 6 € T' (FFBI - dug(x v y) <
max{pA(x), bA(Y)}

(FFBI - 5) 94(x v y) = min{94(x),94(y)} for all x,
y€Xandy €T

Example 3.2: Let a [-BCK algebra X = {0,1,2,3}
with I'={y} and the operation y defined by the
following Cayley table

T 0 1 2 3
0 0 0 0 0
1 1 0 0 1
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Explain a Fermatean fuzzy set A = (u4, 94) in X as

shown in Figure 3.2, which is a Fermatean fuzzy
prime bi-ideal of X and satisfies the condition 0<
LA+ (PA(0))* <1VxeX

X nA(x) vAx)
0 0.9 0.1
1 0.7 0.3
2 0.5 0.5
3 0.4 0.6

1. Bi -ideal property:
) pA(xyyy2) = min{ua(x), LA(2) }

Forx=2,y=1,z=1lin Xandy €T, since 2y 1)y 1
=1y 1=0, we have:

pAQ v 1y 1) =pa0) =09 = 0.5 = min {u4(2),
rA(D)}

i) dA(xyyy2)s max{dA(x),94(2)}

94 2y 1y 1)=9400) =0.1< 0.3 = max{94(2),
YA}

2. Prime Condition:

Foranyx=2,y=1inXandy €I wehave 2y 1) =
1:

) pAxyy) < max{ug(x), pa(Y)}

A2 v 1) = pa(l) = 0.7 < 0.7 = max{ua(2),
nA(1)}

i) 9Axyy) =2min{dg(x),94(2)}
9427 1)=94(1)=0.3=0.3=min{94(2),94(1)}

Lemma 3.3 Let A = (g4, 94) be a Fermatean fuzzy

prime bi-ideals of I'-BCK algebra X if the inequality
(uyv) <wholdsin X foru, v, w € X and y €T then

1) paCuy v) = minfug(u), pa(w)}
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i) 94(uyv) < max{a(u), 94(w)}

Proof: Since A is a Fermatean fuzzy prime bi-ideals,
it is by definition a Fermatean fuzzy bi-ideal. Given
(u vy v) <w, their exists 8€I such that (uy v) 6 w)
=0

1) paCuyv) = min{pg((uyv)sw),ua(w)}

= min{ua(0), pa(w)} Since pg(0) = pa(u), we
have

pA(uy v) = min{pa(uw), ug(w)}
i) 9a(uyv) < max{¥4((uyv)8w),9a(w)}

= max{94(0), 94(w)} Since 94(0) < Ja(u), we
have

Ay V)= max{i (), 9A(W)}

Lemma 3.4 Let A = (14, 94) be a Fermatean fuzzy

prime bi-ideals of X. For any a, b, c €X and y € I if
(ayb) <cthen,

i) ua(ayb)= {ua(o)}
ii) 94(ayb)< {94(c)}

Proof: Assume (ay b) <c.Then ((ay b)éc) = 0 for
somed €T

1) pa(ayb)= min{ua((ayb)sz), ua(c)}
=min{uA(0), ua(c)}

In any Fermatean Fuzzy bi-ideals, pu4(0) is upper
bound. Thus min {u4(0), ua(c)}=una(c)

Therefore ua(ayb) = pa(o)
i) similarly
va(c)}

=94(c) Therefore  J4(ayb) <94(c)

da(@ v b) < max{94(0),

Hence pp is order-reversing and 94 is order
preserving.

Theorem 3.5: Let A = (ugq, 94) be a Fermatean
fuzzy prime bi-ideals of, X, for any x, vy,

at, a2,.... anp €X and vy, 81, 62,.... 6n € I the
condition ((x v y) 81 a1) 62 az...... on an= 0
implies  Dug(x v y)= min{fug(ar), wua(a2),

JuA(an)}
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i) 94(xvy) <max{d4(a1),94(a2),cccceveverieeniannns ,94(an)}

Proof: Using the property of Fermatean Fuzzy bi-
ideals and Lemma 3.4

RA(X YY) = min{ug((xyy) 61 a1)
on an)pa(ar), na(az))}

pAX Yy y) = min{ug(0) , {ua(a1), na(a2), ua(an)}

Since {ua(0) = pg(aq) forall
We get pAx v y) = minf{ug(al),
na(az), »1A(an)}

Similarly the result for 94 follows by taking the
maximum of non-membership values. Theorem 3.6:
Every Fermatean Fuzzy prime bi-ideal of a I'-BCK
algebras X is a Fermatean Fuzzy Prime I'-subalgebra
of X.

Proof: Let A = (ug, 94) be a Fermatean fuzzy prime
bi-ideals of X, By the property of BCK-algebra, we
know that for any x, y, €EX and y € I, the inequality x
v y< X holds.

According to the order property in Lemma 3.4, ug(x

Y ¥)Z pA(X) and JA(xvy) < IA(X)
Now, since A is a Fermatean Fuzzy prime bi-ideal
) KA YY) = HACX)

pAx Y y) = min{ug( x), A(Y) }(by def)

Since BAX YY) = pA(x) it

Implies pAX v y)= min{pg(x),
1A}

i1) IA(xvy) <94(%)

YAxyy) S max{da(xyy), 9A(x)}(by def)

Since IAxYy) < 94(x) it

implies dAx v y) = max{da(x),
YA}

Therefore A = (g4, 94) satisfies the conditions of a

Fermatean Fuzzy I'- sub-algebra

Hence, Every Fermatean Fuzzy prime bi-ideal is a
Fermatean Fuzzy prime I'- subalgebra of X.

Lemma 3.7 Fermatean fuzzy set A = (ugq, 94) is a

Fermatean Fuzzy prime bi-ideal of X iff the Fuzzy
set u4 and 94 (where 9¢ =1 — 94) are Fuzzy
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prime bi-ideal of X

Proof: Let us suppose that the configuration A = (u4,

J4) represents a Fermatean Fuzzy prime

bi-ideal of X.

By definition, for the non-membership complement 9¢
9¢0) =1 — 94(0)

Since 19A(0)AS J94(w) forallu
€X, we have

1—94(0)=1— 94(w)

which implies
v, w€eXandy,d €T

9¢(0) = I(u) for any u,

A A
9(uyw) = 1— d4(uyw)

Using the bi-ideal property !

YAy w) <smax {94((uyvdw),94(v)}
9(uyw) 21— max {94((uyvéw),da(v)}
=min {1 —I94((uyvéw),1 —A19A(17)}

= min {9¢(uy vé w), 9¢(v) }

A A

Hence, it is verified that J¢ satisfies the conditions
of a fuzzy Prime bi-ideal of X. th contrast Assume
that u4 and 9¢ are prime bi-ideal of X. V u €X, we

have

1A0) = pa(w

And 04(0) = 9w

A A

Now 9¢(0) = 9(u)

A A

- 1-94(0) = 1-94(w)
Which gives 94(0)<94(w)

Since u4 and ¥¢ are pyime bi-ideal for any u, v, w €X
andy,0 €T

pACuy v) = min{pg(uyvd w, ug(v)} and
9¢ (uyv) = min{fd(uyvdw, W)}
A A

194y w)=9¢(uyv)
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= min{9°(uyvdw, W)}

A A

=min {1 —I94((uyvéw),1 —-94(w)}
=l-max{d4(uyvéw),da(w)}

Th% I-94u v w) =1-
max{94(uyvéw),94(v)} Hence A= (ug,94)isa
Fermatean Fuzzy prime bi-ideal of X.

Definition 3.8: Let f: X— Y be a ['-Homomorphism

of I'-BCK-algebras. For any Fermatean fuzzy set B=
(1B, 9B) in Y, we define a new Fermaten fuzzy set

A=F-1(B)= (14, 94) in X, called the pre-image of
B, defined as pg(w)= pup(f(w))

YA(W=9B(f (W)

Theorem 3.9: Consider f: X— Y be a TI-
Homomorphism of I'-BCK-algebras. If B= (up, 9p)

is a Fermatean fuzzy prime bi-ideal of Y, then the
pre-image F~1(B) = A = (u4, 94) is a Fermatean
fuzzy prime bi-ideal of X

Proof: Let B= (1B, IB) be a Fermatean Fuzzy prime
bi-ideal of Y. We define its pre-image A= (ug4, 94 )
in X as, pA(w)= up(f(w)) and d4(w)= Ip(f(w))
forall ueX

i) Condition for zero element:

1A(0) = up(f(0) = up(0)

Since B is a bi-ideal of Y, 1B(0) = up(f(w)
=pA(w)

= #A(0) = pa(w)

Similarly 94(0) =
YB(f(0))

=9p(0)

Since B is a bi-ideal of Y

9B(0) = Ip(f(W)

=94

= 94(0) <94(w)

ii) Bi-ideal condition for membership (@g4): for
anyy v,w€ Xandy,d €l

pAuy w) = up(f(uyw))
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=uB(f(u) v f(w))
Since B is a Bi-ideal in Y:

up (f(w) v fiw) =2 min {up((f(w) yf( v)8& F(w),
uB(f(v))} Since fis a '-Homomorphism

nACuy w) = min {upf((uyv)8 w), up(f(v))}
nA(uy w) = min {paf((uy v)8 w), ua(v)}

iii) Bi-ideal condition for non-membership 94:
Foranyu,v,w€Xandy,0 €T

YAy w)=9p(f(uyw))

=9p(f(W) y f(w))

Since B is a Bi-ideal in Y:

9 (f(w) v f(w) < min Fp((f(w) y( V)8 f(w),
Ip(f(v)}

YA(uy w) < max {f((uyv)sw),9p(f(v))}
YAy w) < max {9A((uy vé w),J4(v)}

iv) Prime Property:

To show that A is prime, for any u1,u2 € X

pA(u1 yuz) = pB(f(u1 vy uz))

=uB(f(u1) vy f( u2))

Since B is a fuzzy prime Bi-ideal in Y

up (ftup) v f(uz) = max {up((f(u1), up(f(u2))}
= rA(u1 yuz) = max{pa(ui) , nA(
u2)} Similarly for non-membership

vA(u1 yuz) = 9p(f(u1 yuz))

=0B(f(u1) v f(u2))

=min {ug((f(u1), uB(f(u2))}

YA(u1 yuz) =min{da(ul),94(u2)}

Since all the conditions are satisfies, the pre-image
F-1(B)= A is a Fermatean fuzzy prime bi-ideal of
X.

Theorem 3.10 Consider f: X— Y be an epimorphism
of I'-BCK algebras. If A = (ug, 94) is a Fermatean

Fuzzy prime bi-ideal of X, then its homomorphic
image f(A) = B = (uB, 9B) is a Fermatean Fuzzy

prime bi-ideal of Y.
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Proof: Since f is an epimorphism for any y €Y, there
exists Xx€X such that f(x)=y. The image B= (up, IB)

is defined by up(y) = up(x) and 9p (y)=9B(x)
1B(0) = up(y) and ¥B(0) < IB(y)

uB((y1 v y3) = min {up((y1 v y2)6 Y3)),
uB((y2)}

I9p((y1 v y3) < max {9p((y1 v ¥2)6 ¥3))
Ip((y2)}

To prove that B is a prime ideal, we need to show the
intersection property. For any

#B((¥1 v y2) =uB(f(x1) v f( x2))
=uB(f(x1vx2)

= BA(x1 Y x2)

Since A is fuzzy prime ideal in X.

i) uA(x1 vy x2) = max{ua(x1) ,
rACx2)}

= uB((v1 v y2) = max{up(y1) , uB(
y2)}

i1) 9p((y1 v ¥2) =9B(f(x1) ¥
f(x2))

=UB(f(x1 v x2))

=0A(x1 v x2)

Since A is fuzzy prime,

YA(x1yx2) =minfda(x1),94(x2)}

= 9p(y1 vyy2) =min{dp(y1),
9B(y2)}

Since B satisfies both the bi-ideal and prime
properties, f(A)=B is a Fermatean Fuzzy prime

bi-ideal of Y.
Conclusion:

Fermatean Fuzzy prime bi-ideal in I'-BCK algebras
have been introduced in this study. The constraint 0<
(Aa(x))3 + (V4(x))3 < 1 was used to discuss the
structural properties.The work’s primary findings are
; Fermatean Fuzzy prime bi-ideals in I'-BCK
algebras were introduced and their features were
described.Demonstrated that these ideals' pre-

image and homomorphic image maintain their
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primary bi-ideal characteristics within the I'-BCK
structure.
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