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Abstract—Nowadays various application domains is dramatically increasing, the number of nodes may reach the scale of hundreds of millions
or even more. Computing shortest paths between two given nodes is a fundamental operation over graphs, but known to be nontrivial over large
disk-resident instances of graph data. While a number of techniques exist for answering reachability queries and approximating node distances
efficiently, determining actual shortest paths (i. e. the sequence of nodes involved) is often neglected. However, in applications arising in
massive online social networks, biological networks, and knowledge graphs it is often essential to find out many, if not all, shortest paths
between two given nodes. Shortest distance query is a fundamental operation in large-scale networks. Many existing methods in the literature
take a landmark embedding approach, which selects a set of graph nodes as landmarks and computes the shortest distances from each landmark
to all nodes as an embedding. To answer a shortest distance query, the pre computed distances from the landmarks to the two query nodes are
used to compute an approximate shortest distance based on the triangle inequality. In this paper, I analyze the factors that affect the accuracy of
distance estimation in landmark embedding. In particular, find that a globally selected, query in dependent landmark set may introduce a large
relative error, especially for nearby query nodes. To address this issue, I propose a query-dependent local landmark scheme, which identifies a
local landmark close to both query nodes and provides more accurate distance estimation than the traditional global landmark approach. We
propose efficient local landmark indexing and retrieval techniques with a scalable sketch-based index structure that not only supports estimation
of node distances, but also computes corresponding shortest paths themselves to achieve low offline indexing complexity and online query
complexity.
Keywords— Local landmark, Sketched-based index, Time complexity, Space complexity, Shortest distance query, cycle elimination,
shortcutting, path sketch.
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I. INTRODUCTION
As the size of graphs that emerge nowadays from
various application domains is dramatically increasing, the
number of nodes may reach the scale of hundreds of
millions or even more. Due to the massive size, even simple
graph queries become challenging tasks. One of them, the
shortest distance query, has been extensively studied during
the last four decades. Querying shortest paths or shortest
distances be ten nodes in a large graph has important
applications in many domains including road networks,
communication networks, social networks, the Internet, and
so on. Graphs are routinely used in the modern digital world
in a number of settings, such as online social networks (like
LinkedIn and Facebook), biological interaction models,
transportation networks, the massive hyperlink graph
between documents of the World Wide Web, XML data,
and many more. Due to the ever increasing size of the
graphs of an interest, many seemingly straightforward
operations become challenging. In this paper, we turn our
attention to the computation of shortest paths between any
two nodes in the graph, a problem with long algorithmic
history. This operation forms a building block for many
mining tasks, and is also an increasingly important
application in itself over instances such as online social
networks. Consider the following two application scenarios
for shortest path queries:

A. Social networks such as LinkedIn enable professional
networking among individuals. A person interested in
reaching out to the hiring manager of his favourite future
employer would seek a shortest path to reach that person,
starting from his friends.
B. Biological (metabolic) networks (such as the Biochemical
Network Database) model the complex chemical processes
within an organism. A biologist may be interested in
identifying biotransformation paths between two target
metabolites to help in designing experiments in the wet lab.

II. LITERATURE REVIEW
What makes the shortest path computation particularly
hard on large graphs? Dijkstra’s algorithm, the classical
technique to compute the shortest path between two nodes in
a graph has the asymptotic runtime complexity of O(m +n
log(n)) , where n is the number of nodes and m is the
number of edges [5]. On one of the benchmark datasets that
I use in this paper – any social network comprising about 3
million nodes and 220 million edges – a straight forward
implementation of Dijkstra’s algorithm takes more than 500
seconds on average. This is way too slow for most
applications. The reason for this is that Dijkstra’s algorithm
has to construct and maintain shortest paths to all nodes in
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the graph whose distance to the source node is smaller than
the distance from the source node to the destination node
[2].
According to the findings in the literature [3], in the
context of road networks and moving objects, the original
space contains two-dimensional of the objects: intersections
(original nodes) connected by some streets. The query points
in such spaces are usually moving objects (e.g. cars)
travelling through the streets from a source to a destination
and the KNN problem is defined as finding the closest
points of interest (e.g. hospitals, gas stations) to the moving
objects.
According to the findings in the literature [4], the
problems with finding a path through a graph have usually
been approached in one of two ways, which shall call the
Mathematical approach and Heuristic approach. The
mathematical approach typically deals with the properties of
abstract graphs and with algorithms that prescribe an orderly
examination of nodes of a graph to establish a minimum
cost path.
The Heuristic approach typically uses special
knowledge about the domain of the problem being
represented by a graph to improve the computation
efficiency of solutions to particular graph-searching
problems .In order to expand the fewest possible nodes in
searching for an optimal path, a search algorithm must
constantly make as informed a decision as possible about
which node to expand next. If it expand nodes which
obviously cannot be an optimal path, it is wasting effort. On
the other hand, if it continues o ignore nodes that might be
on an optimal path, it will sometimes fail to find such path
and thus not be admissible. An efficient algorithm obviously
need some way to evaluate available nodes to determine
which one should be expanded next.
III. PROPOSED WORK
we build upon the recently proposed sketch-based
framework , which in turn is based on the classical landmark
based approach used in distance oracles. The goal is to precompute and store a O(n) sized sketch of the graph so that
any distance query can be answered approximately but with
high accuracy.
In summary, contributions made in this paper are as follow:
A. we introduce path-sketches, which can be effectively
used in large graphs with small diameters (e.g., almost all
online social networks). The path-sketches maintain the
complete path information between every node and a
selected set of landmark nodes, computed as part of a graph
preprocessing step.
B. we develop a set of lightweight, yet highly effective,
techniques that use path-sketches to significantly improve
the quality of shortest path estimations.

C. Along with estimates of shortest path distances, I show
how to generate corresponding instances of shortest paths
themselves with no computational overhead – a feature not
found so far in most distance estimating techniques. In fact,
our algorithm generates a queue of paths in increasing order
of their lengths, an important need in many applications
over social and biological networks.

Fig. 1. Providing path diversity in the network topology
D. Finally, implement all the proposed methods in a fully
functional large-scale graph processing engine, and evaluate
against a number of real world large-scale graphs. In most of
the datasets used, the estimates are almost always exact, and
generate a number of alternative shortest paths between a
given pair nodes.
IV. EVALUATION METHODS
In this section I explain our algorithms for shortest path
approximation in detail.
A. Preliminaries
Let G = (V,E) denote a directed graph with vertex set V
and edge set E.
1) Paths and Distances : A path p of length l ∈ N in the
graph is an ordered sequence of l + 1 vertices, such that
there exists, for every vertex in the sequence, an edge to its
subsequent vertex, except the last one:
p = (v1, v2, . . . , vl+1) with vi ∈ V, 1 ≤ i ≤ l +
1,…..……………………………...…(1)
(vi, vi+1) ∈ E, 1 ≤ i < l. …………….(2)
The distance from u to v, denoted by dist(u, v), is the
number of edges in the shortest such path – or infinity if v is
not reachable from u:
dist(u, v) := ( argminpP(u,v) |p| if P(u, v) = ∅, ∞ else.
………………………………..……. (3)
2) Path Approximation : Given two vertices u, v ∈ V , let p
denote a shortest path (note that there could be many) from
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u to v, that is, a path starting in u and ending in v with length
|p| = dist(u, v). Furthermore, let q be an arbitrary path from u
to v. By regarding q as an approximation of the shortest path
p, I can define the approximation error of this path as
error(q) :=|q| − |p|/|p|=|q| − dist(u, v)/dist(u, v) ∈
[0,∞]…………………………..……. (4)
3) Path Concatenation : Let p = (u1, u2, . . . , ul1 , ul1+1)
and q = (v1, v2, . . . , vl2+1) denote paths of lengths l1 and
l2 respectively. Suppose ul1+1 = v1, that is, the last node in
path p equals the first node in path q. Then, I can create new
path, denoted by p◦q, of length l1+l2 by concatenating the
paths p and q:
p ◦ q = (u1, u2, . . . , ul1 , ul1+1) ◦ (v1, v2, . . . , vl2+1) :=
(u1, . . . , ul1 , v1, . , vl−2+1)………….(5)
B. Sketch Algorithm
The sketch algorithm approximates the shortest
path distance between two given nodes in general graphs
using a landmark-based approach. In order to answer a
distance query for a pair of nodes (s, d) in real time, the
algorithm employs a two-staged approach: a precomputation step to generate sketches (distances from all
vertices to so-called landmark nodes) beforehand, and an
approximation step that uses this pre-computed data to
provide a very fast approximation of the node distance at
query time. In this section I explain these two building
blocks of the (modified) sketch algorithm in detail:
1) Precomputation : The pre-computation step involves
sampling some sets of nodes, computing for every node in
the graph a shortest path to and from a member of this set
and storing the thus obtained set of paths on external
memory. These paths will be used in the approximation step
later. The preprocessing, illustrated in Figure 2, works as
follows:
Seed Set Sampling
Let r := ⌊log (n)⌋ where n = |V |. I uniformly sample r + 1
sets of nodes (called seed sets) of sizes 1, 2, 22, . . . , 2r
respectively. The selected sets are denoted by S0, S1, . . . ,
Sr.

Fig. 2. Precomputing
Algorithm : Sketch(s, d)
Input : s, d ∈ V
Result : Q – priority queue of paths from s to d, ordered by
path length
1. begin
2. Load sketches Sketch(s), Sketch(d) from disk
3. L ← common landmarks of Sketch(s) and Sketch(d)
4. for each l ∈ L do
5. p ← path from s to d through l
6. Add p to queue Q
7. return
C. Tree Algorithm
In this section we describe our third contribution, a new
algorithm for shortest path approximation that also utilizes
the pre-computed sketches. The sketch Sketch(v) of a node
v contains two sets of paths:
(1) the set of paths connecting v to landmarks (called
forward directed paths) and
(2) the set of paths connecting landmarks to v (called
backward-directed paths). In the undirected setting, both sets
would correspond to trees having landmarks as leaves and v
as a root. Every inner node of each tree corresponds to a
vertex contained in one of the paths in the sketch.
In the directed setting, only the forward-directed part of the
sketch (from v to landmarks) forms a tree, while the
backward-directed paths yield a tree with “reversed edges”
(see Figures 3a+b). Our new algorithm, named TreeSketch,
takes the two query nodes s, d as input, loads the sketches
Sketch(s), Sketch(d) from disk and constructs the tree Ts,
rooted at s, that contains all the forward paths stored in
Sketch(s). Likewise, the “reversed tree” Td, rooted at d,
containing all the backward directed paths from the
landmarks to d is being created from Sketch(d). Then, the
algorithm starts two breadth-first expansion on the trees
simultaneously: BFS(Ts, s) from s in Ts and RBFS(Td, d)
(BFS on reversed edges) from d in Td. At any point of time
during execution, let VBfs and VRBfs denote the sets of
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visited nodes during the respective BFS runs. For every
vertex u ∈ VBfs encountered during BFS(Ts, s), the
algorithm loads the list S(v) of its successors in the original
graph. Then, it checks whether any of the vertices
discovered during RBFS(Td, d) is contained in the list S(u).
If such a vertex v ∈ S(u) ∩ VRBfs exists (see Figure 3c), I
have found a path p from s to d, given by
p=
◦ (u, v) ◦
,

9 foreach u ∈ Bfs(Ts, s) and v ∈ RBfs(Td, d) do
10 VBfs ← VBfs ∪ {u}
11
← path from v to d in Td
12 foreach x ∈ VBfs do ⊲ iteration in order of visits
13 if v ∈ S(x) then ⊲ S(x) is set of successors of x in G
14 p ←
◦ (x, v) ◦
15 Q ← Q ∪ {p}
16 lshortest ← min{lshortest, |p|}
17 VRBfs ← VRBfs ∪ {v}
18
← path from s to u in Ts
19 foreach x ∈ VRBfs do ⊲ iteration in order of visits
20 if x ∈ S(u) then ⊲ S(u) is set of successors of u 2 G
21 p ←
◦ (u, x) ◦
22 Q ← Q ∪ {p}
23 lshortest ← min{lshortest, |p|}
24 if dist(s, u)+dist(v, d) ≥ lshortest then break
25 return Q

Fig. 3. Tree algorithm
where
and
denote the paths from s to u in Ts and
from v to d in Td respectively (Figure 3d). An equivalent
procedure is executed for every vertex encountered during
reverse BFS from d. I continue this procedure of BFS
expansions and successor list checks, adding paths
discovered along the way to the queue Q. Let lshortest
denote the length of the shortest path in Q. The algorithm
terminates if there is no further chance to find a path that is
shorter than the current shortest path in Q. This is the case
when the sum of depths of both BFS runs exceeds lshortest.
Algorithm TreeSketch(s, d)
Input: s, d ∈ V
Result: Q – priority queue of paths from s to d, ordered
by path length
1 begin
2 Load Sketch(s), Sketch(d) from disk
3 Ts ← tree of paths from s ⊲ taken from Sketch(s)
4 Td ← tree of paths to d ⊲ taken from Sketch(d)
5Q←∅
6 lshortest ← ∞
7 VBfs ← ∅
8 VRBfs ← ∅

D.Methodology:
In order to evaluate the approximation quality and running
times of our algorithms, I use a set of test triples of the
form: (x, y, dist(x, y)
consisting of a pair of nodes x, y ∈ V and the actual
distance dist(x, y) (length of shortest path) of these nodes in
the graph. We generate these triples by uniformly sampling
one hundred vertices and computing shortest path trees
(forward and backward direction) for each vertex, using
Dijkstra’s algorithm. As output we obtain for every sampled
vertex v one tree connecting the vertex to every other
reachable node and one “reversed” tree, connecting every
node for which a path to the sampled vertex exists to v.
As a result we obtain a set of triples of the structure shown
in equation . Then, we group these triples into categories
corresponding to the distance dist(x, y). From every such
category, we sample at most 50 triples (tests) as our test
set. The actual number of tests varies for every network
because both the number of groups as well as the number of
contained triples might be different.
1).Shortest Path Computation:
For each of the sampled seed sets Si and every node v ∈ V. I
compute a shortest path
that connects any member of the seed set to v (note
that there could be more than one such path). I use breadthfirst expansion from Si and build the complete shortest path
tree. For every node v, we thus obtain the closest seed node,
denoted by l1. Likewise, we compute a shortest path
that connects v to the seed set, using breadth-first
expansion from Si on reversed edges, terminating at the first
seed node, denoted by l2. The nodes l1, l2 are called
landmarks of Si for the vertex v. This pre-computation
routine – that is, seed set sampling and shortest path
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computation – is repeated k times, thereby generating for
each vertex v ∈ V a number of 2rk landmarks and paths (at
costs of the same number of BFS expansions from the seed
sets). Note that the set of selected landmarks might be
different for every node. The data (sketch) gathered for node
v, consisting of the 2rk landmarks and paths, is denoted by
Sketch(v). As a result of the pre-computation step, we store
the sketches of all nodes on disk.
2). Shortest Path Approximation:
In the second stage, the algorithm receives a pair of nodes,
(s, d), as input. The goal is to compute, in real time, a path
from s to d that provides a good approximation of the
shortest path, that is, a path with small error(
)The
sketch algorithm, presented in Algorithm 1, performs the
following steps to generate such a path:
1.Load the sketches of nodes s and d from disk
2. Let L be the set of common landmarks in the sketches.
Note that for undirected graphs I can guarantee (for nodes in
the same component) that there exists at least one such
landmark, because the sketches of both s and d contain a
path from (respectively to) the only member of the singleton
seed set S0. In directed graphs this guarantee can only be
given for nodes contained in the same strongly connected
component.
3. For each common landmark l ∈ L, let
from s to l and

be the path

the path from l to d. Construct (by

concatenation) the path
:=
◦
from s to d
through l, and add it to a priority queue (sorted in ascending
order by path length).
4. Return the priority queue of paths obtained in step 3.
3) Cycle Elimination :
The paths returned by Algorithm 1 approximate the shortest
path for the two query nodes and thus might be suboptimal,
i.e. longer than the true shortest path. Some of the returned
paths can however be easily improved, because they contain
cycles. The modified sketch algorithm, named SketchCE, is
described in Algorithm
4) Shortcutting :
The second modification I propose is path shortcutting:
Suppose the queue Q returned by the algorithm contains a
path
from s to d via a landmark l. Two nodes u, v in
the path might actually have a closer connection than the
one contained in the respective subpath of
.
Consider the example depicted below: While the nodes u
and v are connected by a subpath of
of length 3, the
original graph contains the edge (u, v). I can then easily
substitute this subpath by the single edge (u, v). Note that in

all cases that allow for this shortcutting optimization, the
landmark l will be located on the subpath from u to v. In
order to find out whether any two nodes in a given path
=
◦
are neighbors, I start at the first
vertex, s, and load the list S(s) of its successors in the
original graph. Then I check if any of the successors of s is
contained in the path
from the landmark l to the
destination vertex d. If this is the case, I can substitute the
subpath from s to this node by the single edge. If no
successor of s is contained in the path from l to d, I proceed
to the second node in the path
load the set of its
successors and repeat the procedure. I can terminate this
routine if I either find a shortcut or arrive at the last vertex
of the path
, the landmark node l. In this case, the
original path

cannot be improved by shortcutting,

because the path
from l to d is already guaranteed to
be a shortest path (obtained using BFS in the preprocessing
step). The complete algorithm (cycle elimination +
shortcutting), called SketchCESC, is depicted in algorithm .

V. EXPECTED RESULTS
A. Approximation Quality
In order to assess the approximation quality of the
paths generated by the different algorithms, I run for every
triple s, d, dist(s, d) contained in the test set a shortest path
query for all 3 proposed algorithms: Sketch, SketchCE,
AND SketchCESC. For every shortest path query (s, d), I
compare the length
of the shortest path
in the
returned queue with the true node distance dist(s, d)
specified in the test triple. Then, I obtain the approximation
error, error
, for the path: error
=
− dist(s,
d) dist(s, d) ∈ [0,∞]. For every algorithm I record the
average approximation error over all the test
triples.

B. Path Diversity
In many application settings it is not only important
to quickly generate an accurate approximation of the
shortest path, but also crucial to return as many candidate
paths as possible. Our algorithms are designed in such a way
that this goal can be satisfied. They return an ordered queue
of paths which can – for example – be used to filter out
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candidates based on some user-specified constraints. The
average number of generated shortest paths is given.
C. Query Execution Time
The second important evaluation category we
assessing is query execution time. I compare the results of
our methods, averaged over the test triples, to the average
running time of Dijkstra’s algorithm.
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