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Abstract— We study the relations between quantum type cohomologies and Floer type cohomologies on almost contact metric
manifolds with a closed fundamental 2-form. For quantum type cohomologies on the manifolds, we investigated pseudocoholomorphic curves, moduli spaces of the curves representing 2-dimensional homology classes, Gromov-Witten type invariants,
and quantum type product on cohomology groups. For Floer type cohomologies on cosymplectic manifolds, we study a
symplectic type action funtional on the universal covering space of the space of contractible loops. The critical points of the
funtional and the moduli space of gradient ﬂow lines joining critical points induce a cochain complex and produce a Floer type
cohomology. We extend Floer type cohomology to more general almost contact manifolds and show that the quantum type
cohomology and the Floer type cohomology are isomorphic.
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I.

INTRODUCTION

A symplectic manifold (M2n, , J) is called semipositive if,
for all A∈(M), (A) > 0 and the dimension of moduli space
ℳ(A, J)≥ 0, then c1(A)≥ 0. Let (M2n, , J) be a semipositive
symplectic manifold and let Ht = Ht+1 : M → ℝ be a smooth
1-periodic family of Hamiltonian functions. Let Xt : M → TM
be the Hamiltonian vector ﬁeld deﬁned by ω(Xt , •) = dHt (•)
and consider the time dependent Hamiltonian diﬀerential
equation 𝑥 (t) = Xt(x(t)).
Let 𝐿𝑀 be a unique covering space of the space LM of
contractible loops in M. Where an element of 𝐿𝑀 is of the
form [x, u] in which u : D2 → M is a smooth map from the unit
disc D2 to M such that u(e2πit) = x(t), and [x, u1] = [x, u2] if and
only if u1#(−u2) is homologous to zero in H2(M; ℤ). The H2(M)
acts on 𝐿𝑀 as a deck transformation, via (A, [x, u]) ↦ A#[x,
u].
The symplectic action functional aH : 𝐿𝑀→ ℝ is deﬁned
by
aH([x, u]) = −

𝐷2

𝑢∗ ω −

1
𝐻
0 𝑡

𝑥 𝑡 𝑑𝑡

and satisﬁes aH (A#[x, u]) = aH ([x, u]) − ω(A). The critical
points of aH are the equivalence classes [x, u] which are
contractible periodic solution of 𝑥 (t) = Xt(x(t)). The function
can be interpreted as a closed 1-form on the LM rather than a
function on the covering space 𝐿𝑀 which is the situation
considered by Novikov.
The gradient ﬂow lines of aH are solutions
u : ℝ → M : (s, t) ↦ u(s, t)
of the partial differential equation

∂s u + J(u)( ∂t u – Xt (u)) = 0

with periodic condition u(s, t+1) = u(s, t) and limit condition
±
±
lims→±∞ u(s, t) = x (t) where x ∈LM are in the images of the
projection of the critical points of aH.
The critical points and the Floer connecting orbits
determine a cochain complex (CF*, δ), and its cohomology
groups
HF*(M, ω, H, J) =

ker 𝛿
im 𝛿

are called the Floer cohomology groups of M for a regular pair
(H, J). There is a natural ring structure on Floer cohomology
which is deﬁned by counting perturbed J-holomorphic curves
on the 2-sphere called the pair-of-pant product.
In section II we recall almost contact metric manifolds with
either cosymplectic, contact, or C-manifold structure.
In section III we introduce the theory of pseudocoholomorphic curves in almost contact metric manifolds with
a closed fundamental 2-form, Gromov-Witten type invariants,
and quantum type cohomologies.
In section IV we study the symplectic type action functional
deﬁned the universal covering space of the loop space of
contractible loops in an almost contact metric manifold. Using
the action functional, we study Floer type cohomologies on
almost contact metric manifolds.
In section V we investigate the relation between quantum
and Floer type cohomologies an almost contact metric
manifolds with a closed fundamental 2-form.
Theorem I.1. Let an almost contact metric semipositive
manifold (M2n+1, g, φ, η, ξ) be either cosymplectic, contact, or
C-manifold. Then there are a quantum type cohomology
QH∗(M, Λϕ) and a Floer type cohomology HF∗(M, ϕ, H, φ) for a
regular pair (H, φ), and they are naturally isomorphic
QH∗(M) → HF∗(M, ϕ, H, φ)
as modules over a Novikov ring Λϕ.
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II. ALMOST CONTACT METRIC MANIFOLDS
(1) For a generic almost co-complex structure  on M, the
moduli space ℳ(M; A, ) of stable rational -coholomorphic
Let M be a real (2n + 1)-dimensional smooth manifold. An

almost co-complex structure on M is deﬁned by a smooth (1,
1)- type tensor ﬁeld, a smooth vector ﬁeld ξ and a smooth 1form η on M such that for each point x∈M,

x= −I + ηx ⨂ ξx,
ηx (ξx) = 1,

where I : TxM → TxM is the identity map of the tangent space
TxM.
A Riemannian manifold M with a metric tensor g and with
an almost co-complex structure (), such that
g(X, Y) = g(X, Y) − η(X)η(Y), X, Y∈Γ(TM),
is called an almost contact metric manifold.
The fundamental 2-form ϕ of an almost contact metric
manifold (M, g, , ξ, η) is deﬁned by
ϕ(X, Y) = g(X, Y)
for all X, Y∈Γ(TM). The (2n+1)-form n∧ does not vanish
on M, and so M is orientable.
The Nijenhuis tensor of the (1, 1)-type tensor  is the (1, 2)type tensor ﬁeld N deﬁned by
N (X, Y) = [X, Y] − [X, Y] −[ X, Y ] −[X, Y]
for all X, Y∈(TM), where [X, Y] is the Lie bracket of X and Y.
An almost cocomplex structure (, ξ, η) on M is said to be
integrable if the tensor ﬁeld N = 0, and is normal if N + 2dη
⨂ ξ = 0. We follow the deﬁnitions and notations in [1, 16, 19].
Deﬁnition II.1. An almost contact metric manifold (M, g, φ, η,
ξ, ϕ) is said to be
(1) cosymplectic (or almost co-Kähler) if dϕ = 0 and dη = 0,
(2) contact (or almost Sasakian) if ϕ = dη,
(3) almost Kenmotsu if dη = 0 and
d𝜙(X, Y, Z) =

2
3

·𝑆

𝑋,𝑌,𝑍 𝜂

𝑥 𝜙 𝑌, 𝑍 ,

where S denotes the cyclic sum,
(4) an almost C-manifold if dϕ = 0, dη ≠ 0, and dη ≠ ϕ,
(5) co-Kähler if M is an integrable cosymplectic manifold,
(6) Sasakian if M is a normal almost Sasakian manifold,
(7) Kenmotsu if M is a normal almost Kenmotsu manifold,
(8) a C-manifold if M is a normal almost C-manifold.
III.

QUANTUM TYPE COHOMOLOGIES

Quantum cohomology is deﬁned on symplectic manifolds.
We studied quantum type cohomologies on cosymplectic,
contact, and C-manifolds [8, 9, 11].

Let (M, g, φ, η, ξ, ϕ) be a (2n + 1)-dimensional
cosymplectic manifold. Then in [11], we have:

maps, which represent a 2-dimensional homology class A, is a
compact smooth stratiﬁed manifold with virtual dimension
2c1(𝒟)[A] + 2n, where 𝒟 = {X ∈ TM | (X) = 0} is a
distribution sub-bundle of TM .
(2) The quantum type cohomology QH∗(M) of manifold M is
an associative ring under the quantum type product, deﬁned by
Gromov-Witten type invariants.

Let (M, g, φ, η, ξ, ϕ) be a (2n+1)-dimensional contact
manifold. Then in [8], we have:
(1) For a generic almost co-complex structure φ on M, the
moduli space ℳ(M; A, φ) of rational φ-coholomorphic maps,
which represent A∈H2(M; ℤ ), is a smooth manifold with
virtual dimension 2c1(𝒟)[A] + 2n.
(2) The quantum type cohomology QH∗(M) of manifold M is
an associative ring under a quantum type product.
Let (Mi, gi, φi, ηi, ξi, ϕi), i = 1, 2, be the almost contact
metric manifolds and (M, g, J, ω) be the product of M1 and M2.
Then in [9], we have:
(1) If M1 and M2 are cosymplectic, then M is symplectic.
(2) If M1 and M2 are co-Kählerian, then M is Kählerian.
(3) If M1 and M2 are contact, then M is not symplectic.
(4) If M1 is cosymplectic and M2 is contact, then M is not
symplectic.

Let (M 2n+1, g, φ, η, ξ) be an almost contact metric manifold.
Then the distribution 𝒟 = {X ∈ TM | η(X) = 0} is an ndimensional complex vector bundle on M.
Now ﬁx the vector bundle 𝒟 → M. As the symplectic
manifolds, a (1, 1)-type tensor ﬁeld φ : 𝒟 → 𝒟 with φ2 = −I is
said to be tamed by ϕ if ϕ(X, φX) > 0 for X∈ 𝒟 \ {0} and is
said to be compatible if ϕ(φX, φY) = ϕ(X, Y).
Assume that the almost contact metric manifold M has a
closed fundamental 2-form ϕ, i.e., dϕ = 0. An almost contact
metric manifold M with the ϕ is called semipositive if for every
A∈π2(M), ϕ(A) > 0, c1(𝒟)[A] ≥ 3 − n, then c1(𝒟)[A] > 0.
We assume that an almost contact metric compact manifold
(M2n+1, g, φ, η, ξ, ϕ) is either cosymplectic or contact or almost
C-manifold. Then the fundamental 2-form ϕ is closed. A
smooth map u : (Σ, j) → (M, φ) from a Riemann surface (Σ, j)
into the (M, φ) is said to be φ-coholomorphic if du ◦ j = φ ◦ du.
Let 𝒟 ≔ {X∈TM | η(X) = 0} be the distribution associated
with the almost co-complex structure (φ, η, ξ) on M, then
𝜋

ℂ𝑛 → 𝒟 → 𝑀
is an n-dimensional complex vector bundle on M with an
almost complex structure φ.
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Lemma III.1. If u : (Σ, j) → (M, φ) is a φ-coholomorphic map
from a Riemann surface (Σ, j) into the manifold (M, φ), then we
have
(1) the image φ(TM) ⊂ 𝒟 and φ : 𝒟 → 𝒟 with φ2 = −I,
(2) the image du(TΣ) ⊂ 𝒟,
(3) the diagram

𝑀,𝐴,𝜑

𝐶

(𝛼 ∗ 𝛽)𝐴 = 𝛷0,3

𝛼⨂𝛽⨂𝛾 , 𝛾 = 𝑃𝐷 𝐶 .

We deﬁne a quantum type cohomology of M by
QH∗(M) ≔ H∗(M)⨂ℚ[q]
where ℚ[q] is the ring of Laurent polynomials in q with
coefficients in the rational numbers ℚ. By linearly extending
the product ∗ on QH∗(M), we have
Theorem III.3. The quantum type cohomology QH∗(M) of the
manifold M is an associative ring under the product ∗.

is commutative, i.e., φ ◦ du = j ◦ du.
Let A∈H2(M; ℤ) be a 2-dimensional integral homology
class in M. Let ℳ0,3(M; A, φ) be the moduli space of stable
rational φ -coholomorphic maps with 3 marked points which
represent class A.
Theorem III.2. For a generic almost complex structure φ on
the distribution, ℂ n → 𝒟 → M, the moduli space ℳ0,3(M; A, φ)
is a compact stratiﬁed manifold with virtual dimension
2c1(𝒟)[A] + 2n.

IV.

In this section we assume that our manifold M is either a
cosymplectic, contact, or C-manifold.
Let Ht = Ht+1 : M → ℝ be a smooth 1-periodic family of
Hamiltonian functions. Denoted by Xt : M→TM the
Hamiltonian vector ﬁeld deﬁned by

Consider the evaluation map given by
ev : ℳ0,3(M; A, φ) → M3,
ev(Σ; z1, z2, z3, u) = (u(z1), u(z2), u(z3)).
We have Gromov-Witten type invariants given by
𝑀,𝐴,𝜑

Φ0,3
𝑀,𝐴,𝜑

Φ0,3

: H∗(M3) → ℚ
ev ∗ (𝛼)

α =

ℳ0,3 (𝑀;𝐴,𝜑)

= ev∗ [ℳ0,3 𝑀; 𝐴, 𝜑 ] ∙ PD(𝛼)
to be the number of these intersection points counted with signs
according to their orientations.
For two generic almost co-complex structures φ0 and φ1
connected by a generic smooth path φt in the space of almost
co-complex structures on M, there is a cobodism 𝒲0,3(M; A, φt)
of dimension 2c1(𝒟)[A]+2n+1 between ℳ0,3(M; A, φ0) and
ℳ0,3(M; A, φ1). Thus, the Gromov-Witten type invariants are
the same,
𝑀,𝐴,𝜑 0

Φ0,3

𝑀,𝐴,𝜑 1

= Φ0,3

: 𝐻 ∗ (𝑀3 ) → ℚ.

𝛼 ∗ 𝛽 𝐴 𝑞 𝑐1

𝒟 𝐴 /𝑁

and consider the time dependent Hamiltonian differential
equation
𝑥 (t)=Xt(x(t)).
(1)
Let (M2n+1, g, φ, η, ξ, ϕ) be an almost contact metric
manifold. Since dHt(Xt) = ϕ (Xt, Xt) = 0 and dHt(ξ) = ϕ(Xt, ξ) =
g(Xt, φξ) = 0, the vector ﬁelds ξ and Xt are in the kernel of dHt,
and so their integral curves lie in level sets of Ht.
The
solutions
of
cosymplectomorphisms

(1)

generate

a

family

of

Ψt : M → M
𝑑

with Ψt = Xt ◦ Ψt , Ψ0 = id. The ﬁxed points of the time-1𝑑𝑡
map Ψ = Ψ1 are one-to-one correspond with the 1-periodic
solutions of (1).
Let x : ℝ/ℤ → M be a contractible loop, then there is a
|z|≤1}, which satisﬁes u(e2πit) = x(t). Two such maps u1, u2 : D

We deﬁne a quantum type product ∗ on H (M),
l
for ∈Hk(M) and ∈H (M),
𝐴∈𝐻2 𝑀

(Xt , • ) = dHt( • )

smooth map u : 𝒟 → M , deﬁned on the unit disc D = {z∈ℂ |

∗

𝛼∗𝛽 =

FLOER TYPE COHOMOLOGIES

→ M are called equivalent if their boundary sum u1#(−u2) : S2
,

where N is called the minimal Chern number deﬁned by
< c1(𝒟), H2(M) > = Nℤ.
The ()A ∈ Hk+l−2c₁(𝒟)[A](M) is deﬁned by for each C ∈
Hk+l−2c₁(𝒟)[A](M),

→ M is homologus to zero in the torsionless integral homology
space H2(M)/Tor.
Let 𝑥 ≔ [x, u] be an equivalence class and denote by 𝐿𝑀
the space of equivalence classes. The space 𝐿𝑀 is the unique
covering space of the space LM of contractible loops in M
whose group of deck transformation is the image 𝐻2𝑠 (M) of the
Hurewicz homomorphism 2(M) → H2(M).
The space 𝐻2𝑠 (M) acts on 𝐿𝑀 by
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complex. We ﬁx the commutative ring R of real numbers. We
𝐻2𝑠 (M) × 𝐿𝑀 → 𝐿𝑀 : (A, 𝑥 ) → A# 𝑥 .
introduce the Novikov ring Λ of all functions λ : 𝐻2𝑠 (M) → ℝ
The symplectic type action functional aH : 𝐿𝑀 → ℝ is
that satisfy the ﬁniteness condition #{A∈𝐻2𝑠 (M) | λ (A) = 0,
deﬁned by
(A) ≤ c} < ∞ for all c∈ℝ.
Then Λ is a 2ℤ-graded commutative ring and ℝ-module, where
1
∗
the grading is given by deg(A) = 2c1(𝒟)[A]. Deﬁne the Floer
𝑎𝐻 𝑥, 𝑢 = −
𝑢 𝜙 − 𝐻𝑡 𝑥 𝑡 𝑑𝑡,
cochain group CF∗ ≔ CF∗(M, H) as the set of function  :
𝐷
0
𝑃(𝐻) → ℝ that satisfy the ﬁniteness condition #{x∈𝑃(𝐻)| 
then satisﬁes aH(A#𝑥 ) = aH(𝑥 ) − (A).
(x) = 0, aH (x)≤c} < ∞ for all c∈ℝ. This complex CF* is a
Theorem IV.1. Let (M, ) the manifold with a closed
module over Novikov ring Λ with action given by
fundamental 2-form and ﬁx a Hamiltonian function H∈ C∞
(ℝ/ℤ × M). Let [x, u] ∈ 𝐿𝑀 and V ∈ Tx 𝐿𝑀 =C∞(ℝ/ℤ ,
(𝜆 ∗ 𝜉) 𝑥 ≔
𝜆(𝐴)𝜉(𝐴#𝑥 ) .
1
x*TM). Then (daH)(x,[u])(V)= 0 𝜙(𝑥 − 𝑋𝐻𝑡 𝑥 , 𝑉)𝑑𝑡.
𝐴∈𝐻2𝑠 𝑀
Proof. Choose two smooth maps:

Here the grading is given by deg(x) = µ(x). The degree k part
CFk(M, H) consists of all ξ∈CF∗ that are nonzero only on

ℝ × ℝ/ℤ → M, (s, t) ↦ xs(t) = v(s, t)
ℝ× D → M, (s, z) ↦ us(z),
𝜕

such that x0(t) = x(t), u0(z) = u(z), us(e2πit) = xs(t), and v(0, t)
𝜕𝑠
= V(t).
Then the map ℝ → 𝐿𝑀: s ↦ (xs, us) is the lift of the path

elements 𝑥 ∈𝑃(𝐻) with µ(𝑥 ) = k. Thus the action ξ ↦ λ ∗ ξ
changes the degree unless λ(A) is nonzero only when c1(A) = 0.
The dimension of CF∗(M, H) as a module over Λ is the number
#P(H) of contractible periodic solutions of (1).
Now we deﬁne a coboundary operator

ℝ → LM, s ↦ xs with (x0, u0) = (x, u).

k: CFk(M, H) → CFk+1(M, H),
(k𝑥  𝜇 𝑥 =𝜇 𝑦 +1 𝜂(𝑥 , 𝑦) y

Since
𝑎𝐻 𝑥 𝑠 , 𝑢 𝑠 = −

∗

𝑢𝑠 𝜙 −
𝐷
𝑠
0

hence
𝑑
𝑎 𝑥 𝑠, 𝑢𝑠
𝑑𝑠 𝐻

0

1

=−

1

1

𝜙 𝜕𝑠 𝑣, 𝜕𝑡 𝑣 𝑑𝑡𝑑𝑠 −

0

where  ∈CFk(M, H), µ(𝑥 ) = k +1 and µ(𝑦) = k.

𝐻𝑡 𝑣 𝑠, 𝑡 𝑑𝑡

0

𝐻𝑡 𝑣 𝑠, 𝑡 𝑑𝑡,

1
𝑠=0

=−
1

=
0

0

𝜙 𝜕𝑠 𝑣 𝑠, 𝑡 , 𝜕𝑡 𝑣 − 𝑋𝐻𝑡 𝑣 𝑠, 𝑡

𝑠=0

𝜙(𝑥 − 𝑋𝐻𝑡 𝑥 , 𝑉)𝑑𝑡.

□
Corollary IV.2. A point [x, u]∈ 𝐿𝑀 is a critical point of the
symplectic type action aH : 𝐿𝑀 → ℝ if and only if the
contractible loop x ∈ LM is a solution of (1).
□
Let (M2n+1, g, , η, ξ) be a compact semipositive almost
contact metric manifold with a closed fundamental 2-form .
Let 𝑃(𝐻) be the critical points of the symplectic type action
functional aH : 𝐿𝑀 → ℝ, and µ :𝑃(𝐻) → ℤ a version of
Maslov index deﬁned in section III.
If µ(𝑥 ) − µ(𝑦) = 1, 𝑥 , 𝑦∈ 𝑃(𝐻), then we denote
𝜂 𝑥, 𝑦 ≔ #

ℳ 𝑥, 𝑦
ℝ

Theorem IV.3. Let (M, ) be a semipositive almost contact
metric manifold with a closed fundamental 2-form. The
coboundary operators deﬁned as above k: CFk(M, H) →
CFk+1(M, H) satisfy δk+1 ◦ δk = 0, for all k.

,

where the connecting orbits are to be counted with signs
determined by a system of coherent orientations of the moduli
space ℳ 𝑥 , 𝑦 . These numbers give us a Floer type cochain

Let (M, ) be a semipositive almost contact metric
manifold with a closed fundamental 2-form ϕ. For a generic
pair (H, ) on M , the cochain complex (CF∗, δ) deﬁnes
cohomology groups
ker 𝛿

HF∗(M, ϕ, H, φ) ≔
im 𝛿
which are called the Floer type cohomology groups of the (M, ϕ,
H, φ). Since the coboundary map is linear over Λϕ, the Floer
type cohomology group HF∗(M, ϕ, H, φ) is a module over
Novikov ring Λϕ.
V.

QUANTUM AND FLOER TYPE COHOMOLOGIES

In this section we assume that our manifold M is a compact
either cosymplectic or contact or C-manifold. In section III we
study a quantum type cohomology of M and in section IV a
Floer type cohomology of M. We want to investigate relations
between them on M. Let (M2n+1, g, , η, ξ) be a cosymplectic
manifold. A smooth map u : (Σ, j) → (M, ) from a Riemann
surface (Σ, j) to the manifold (M, ) is said to be coholomorphic if du ◦ j =  ◦ du.
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In [8, 9, 11], we induced a quantum type cohomology ring
identiﬁed with the graded Λ -module of all functions  :
(QH∗(M), ∗) by using the moduli space of stable rational Crit(f ) × H2(M ) → ℝ that satisfy the ﬁniteness condition
coholomorphic maps, Gromov-Witten type invariants, and
quantum type product ∗.
In [10] we studied a Floer type cohomology on
cosymplectic manifolds M. The space LM of contractible loops
in M has a natural universal covering space 𝐿𝑀 with ﬁber

H2(M). The symplectic type action functional aH : 𝐿𝑀 → ℝ
is deﬁned by a smooth 1-periodic family of Hamiltonian type
functions Ht : M → ℝ. We have an inﬁnite dimensional
version of Morse-Novikov theory for the symplectic type
action functional aH. There are the gradient ﬂow lines of aH
between critical points with indecies which are deﬁned by
Conley-Zehnder index.
The Floer type connecting orbits and the critical points of
aH yield a cochain complex of M. The cochain complex
produces a Floer type cohomology of M.
Theorem V.1. Let (M, g, , η, ξ) be a compact semipositive
either cosymplectic or contact or C-manifold. Then, for every
regular pair (H, ), there is an isomorphism between Floer
type cohomology and quantum type cohomology,
: HF∗(M, ϕ, H, φ) → QH∗(M, Λϕ).
Proof.

Let (M2n+1, g, φ, η, ξ, ϕ) be a compact semipositive

either cosymplectic or contact or C-manifold. Let f : M → ℝ
be a Morse function such that the negative gradient ﬂow of f
with respect to the metric ϕ( •,φ(•)) + η⨂η is Morse-Smale
and consider the time independent Hamiltonian Ht ≔ −f,
t∈ℝ.
If is suﬃciently small, then the 1-periodic solutions of 𝑥 (t)
= Xt(x(t)) are precisely the critical point of f. The ConleyZehnder index
µ(x, ux) = n − indf (x) = ind−f (x) – n
where ux : D 2 → M is the constant map ux(z) = x. For details,
see [18].

#{(x, A) |  (x, A) = 0, (A)≥c} < ∞ for all c∈ℝ.
The Λ -module structure is given by
(𝜆 ∗ 𝜉)(𝑥, 𝐴) =

the grading is deg(x, A) = indf (x) − 2c1(A), and the coboundary
operator δ is deﬁned by (δξ)(x, A) = Σy nf(x, y)ξ(y, A), (x, A)∈
Crit(f )×𝐻2𝑠 (M), where nf(x, y) is the number of connecting
orbits from x to y of shift equivalence classes of solutions of
𝑢(s) + ∇f (u(s)) = 0,
𝑙𝑖𝑚𝑠→−∞ 𝑢(𝑠) = 𝑥, 𝑙𝑖𝑚𝑠→+∞ 𝑢(𝑠) = 𝑦,
counted with appropriate signs.
Here we assume that the gradient ﬂow of f is Morse-Smale and
so the number of connecting orbits is ﬁnite when indf (x) − indf
(y) = 1.
With these conventions δ is a Λ-module homomorphism of
degree one and satisﬁes δ ◦ δ = 0. It is called Morse-Witten
type coboundary operator. Its cohomology is canonically
isomorphic to the quantum type cohomology of M with
coefficients in Λ.
Now we deﬁne a chain map from the Floer type cochain
complex to the Morse-Witten type cochain complex:


 : CF (M, H) → C∗(M, f, Λ),
∗

for each 𝑥 ∈𝑃(𝐻) we denote ℳ(𝑥 , H, ) by the space of
perturbed -coholomorphic maps u : ℂ → M such that u(re2it)
converges to a periodic solution x(t) of theHamiltonian system
Ht as r→∞. The space has dimension n − µ(x). Now ﬁxa
Morse function f : M → ℝ such that the downward gradient
ﬂow u : ℝ → Msatisfying

The downward gradient ﬂow lines u : ℝ → M of f are
solutions of the ordinary differential equation
𝑢(s) + ∇f(u(s)) = 0
and they form special solutions of the partial diﬀerential
equation
∂su + J(u)(∂tu − Xt(u)) = 0.

𝜆 𝐵 𝜉 𝑥, 𝐴 + 𝐵 ,
𝐵

𝑢(s) + ∇f (u(s)) = 0
is Morse-Smale. For a critical point x∈Crit(f ) the unstable
manifold Wu(x, f ) of x has dimension indf (x) and codimension
2n − indf (x) in the distribution 𝒟. The submanifold of all

These solutions determine the Morse-Witten coboundary
operator

u∈ℳ(𝑥 , H, ) with u(0)∈Wu(x) has dimension indf (x) − µ(𝑥 )
− n = dimℳ(𝑥 , H, ) + dimWu(x, f ) − 2n.
If indf (x) = µ(𝑥 ) + n, then the space of spiked discs is 0dimensional and hence the numbers n(x, 𝑥 ) of its elements can
be used to construct the chain map

 : C∗(M, f, Λ) → C∗(M, f, Λ).

 : CF∗(M, H) → C∗(M, f, Λ)

This coboundary operator is deﬁned on the same cochain
complex as the Floer coboundary δ and the cochain complex
has the same grading for both complex C∗(M, f, Λ) can be

 𝜉) 𝑥, 𝐴 ≔

ind 𝑓 𝑥 =𝜇 𝑥 +𝑛

𝑛(𝑥, 𝑥 )𝜉(𝐴#𝑥 )
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which is a Λ-module homomorphism and raises the degree by
n. The chain map Φ induces a homomorphism on cohomology.
Thus we have
Φ : HF*(M, Λ→ H*(M, f, Λ

[4]
[5]
[6]

ker 𝛿

≃QH*(M, Λ
im 𝛿

[7]

∗

since the Morse complex C (M, f, Λ) and the Floer complex
CF∗(M, −f ) are isomorphic as groups.

[9]
[10]

Similary, we can construct a chain map,

 : C∗(M, f, Λ) → CF∗(M, H),
( 𝜉) 𝑥 =

𝜇 𝑥 +𝑛=ind 𝑓 𝑦

[11]

−2𝑐1 (𝐴) 𝑛( −𝐴 #𝑥 , 𝑦)𝜉 𝑦, 𝐴 .


Then Φ ◦ Ψ and Ψ ◦ Φ are chain homotopic to the identity.
Thus we have an isomorphism Φ.

[8]

[12]

□

[13]
[14]

ACKNOWLEDGMENT
This research was supported by Basic Research Program
through the National Research Foundation of Korea(NRF)
funded by the Ministry of Education(2013004848).

REFERENCES
[1]
[2]
[3]

D. E. Blair, Riemannian geometry of contact and symplectic manifolds,
Progress in Math. 203, Birkhäuser, Boston, Basel, Berlin, 2002.
D. E. Blair and S. I. Goldberg, Topology of almost contact manifolds, J.
Diﬀer. Geom. 1 (1967), 347-354.
E. Calabi and B. Eckmann, A class of complex manifold which are not
algebraic, Ann. of Math. 58 (1953), 494-500.

[15]
[16]
[17]

[18]

[19]
[20]

Y. S. Cho, Quantum cohomologies of symmetric products, Inter. J. of
Geom. Methods in Modern Phys. Vol.9, No.1 (2012), 1250005.
Y. S. Cho and S. T. Hong, Dynamics of stringy congruence in the early
universe, Phys. Rev. D83 (2011), 104040.
Y. S. Cho, Hurwitz number of triple ramiﬁed covers, J. of Geom. and
Phys. Vol.56, No.4 (2008), 542-555.
Y. S. Cho, Finite group actions on the moduli space of self-dual
connections, Trans. A.M.S. 323 (1991), 233-261.
Y. S. Cho, Quantum type cohomologies on contact manifolds, Int. J.
Geom. Math. Mod. Phys. Vol.10, No.5 (2013), 1350012.
Y. S. Cho, Gromov-Witten type invariants on C-manifolds, submitted.
Y. S. Cho, Floer type cohomology on cosymplectic manifolds,
submitted.
Y. S. Cho, Quantum type cohomologies of cosymplectic manifolds,
submitted.
Y . S. Cho, Gromov-Witten type invariants on the product of almost
contact metric manifolds, submitted.
A. Floer, Symplectic ﬁxed points and holomorphic spheres, Comm.
Math. Phys. 120(1989) 207-221.
H. Hofer and D. Salamon, Floer homology and Novikov rings. The Floe
r Memorial Volume, Birkhauser (1995) 483-524.
K. Fukaya and K. Ono, Arnold conjecture and Gromov-Witten invariant,
Topology, Vol.38, No.5 (1999), 933-1048.
D. Janssens and J . Vanhecke, Almost contact structures and curvature
tensors, Kodai Math. J . 4 (1981), 1-27.
M. Kontsevich and Y. Manin, Gromov-Witten classes, quantum
cohomology and enumerative geometry, Comm. Math. Phys. 164
(1994), 525-562.
D. McDuﬀ and D. Salamon, J-holomorphic curves and quantum
cohomology, University Lecture Series, A.M.S. Provindence, RI, 6
(1994).
T. Tshikuna-Matamba, Induced structures on the product of Riemannian
manifolds, Inter. Elect. J. of Geom. Vol.4, No.1 (2011), 15-25.
E. Witten, Topological sigma models, Comm. Math. Phys. 118 (1988),
411-449.

2641
IJRITCC | September 2014, Available @ http://www.ijritcc.org

_______________________________________________________________________________________

